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Abstrat
The physis of ferromagneti doped manganites, suh as La1−xCaxMnO3 with
x ≈ 0.20.4, is reviewed. The onept of double exhange is disussed within the
general framework of itinerant eletron magnetism. The new feature in this ontext is
the oupling of eletrons to loal phonon modes. Emphasis is plaed on the quantum
nature of the phonons and the link with polaron physis. However it is stressed
that the manganites fall in an intermediate oupling regime where standard small-
polaron theory does not apply. The reently-developed many-body oherent potential
approximation is able to deal with this situation and Green's reent appliation to the
Holstein double-exhange model is desribed. Issues addressed inlude the nature of
the basi eletroni struture, the metal-insulator transition, a uniation of olossal
magnetoresistane, pressure eets and the isotope eet, pseudogaps in spetrosopy
and the eet of eletron-phonon oupling on spin waves.
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1 Introdution
Sine the disovery of high temperature superondutivity about fteen years ago it has
beome lear that a metalli state obtained by doping an antiferromagneti insulating oxide
is substantially dierent from that of ordinary metals. Despite enormous experimental
and theoretial eort neither the superondutivity nor the normal state of this unusual
type of metal is at all well understood. There is no generally aepted view about the
mehanism of superondutivity in the uprates. To gain a wider perspetive it is learly
important to study other oxides whih beome metalli upon doping. In fat interest has
reently revived in the manganites A1−xA
′
xMnO3 (A=trivalent rare-earth ion, A
′
=divalent
alkaline earth ion), whih were rst studied fty years ago. An exellent history of this
early work is given in the introdution of an extensive review of mixed-valene manganites
by Coey et. al. [1℄. These ompounds are ferromagneti in the metalli state, typially
for x ≈ 0.20.4, and the origin of this metalli ferromagnetism is muh less problemati
than that of superondutivity in the uprates. However above the Curie temperature TC
many of the manganites beome insulating, and this metal-insulator transition is unlike
anything that ours in ordinary ferromagneti metals suh as Fe, Co, Ni or Gd. There are
ompeting theories of this behaviour, and of the detailed exhange mehanism responsible
for the ferromagnetism. Also the importane of eletron-phonon oupling, and the possible
existene of small polarons, is hotly debated. These are some of the issues whih are
foussed upon in this review.
Two of the most-studied manganites are La1−xSrxMnO3 (LSMO) and La1−xCaxMnO3
(LCMO). The parent ompound LaMnO3, with nominal valene La
3+Mn3+O2−3 , is an an-
tiferromagneti insulator. Mn3+ ions have four d eletrons and in the ubi environment
the t2g states, with d wavefuntions of the xy, yz, zx type, lie lower in energy than the
eg (x
2 − y2, 3z2 − r2) ones. The spins of the four d eletrons are aligned, by Hund's rule,
so the Mn3+ ion adopts a t32ge
1
g onguration with spin 2. The eet of doping, whih
removes x eletrons per Mn atom, depends on whether LaMnO3 is a Mott-Hubbard or
harge-transfer insulator, in the terminology of Zaanen et. al. [2℄. In the latter ase holes
are reated in the oxygen 2p band and, sine the observed ferromagneti saturation mo-
ment is less than 4µB per Mn atom, their spins must be antiparallel to the S = 2 Mn ions.
In the former ase eletrons are removed from a narrow eg band and the three t2g eletrons
may be regarded as forming a loal spin with S = 3/2. This is the traditional view [3℄
whih is still most widely held. The eg band ontains n = 1−x eletrons per atom with the
possibility of metalli behaviour. The eletrons are strongly orrelated, avoiding double
oupation of a Mn site, so that for n = 1 (x = 0) the system is a Mott insulator. The
itinerant eg eletrons are ompletely spin-polarized and align the loal spins via Zener's [3℄
double-exhange mehanism. The validity of this general piture is thoroughly disussed
in setions 2 and 3.
The struture of manganites suh as LaMnO3 is based on the ideal ubi perovskite
(CaTiO3) struture shown in gure 1. However the oxygen otahedra surrounding eah
Mn atom undergo two types of distortion. One is a rotation and tilting due to the La3+ ion
being smaller than the O2− and the other is a tetragonal distortion due to the Jahn-Teller
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(JT) eet. Sine the otahedra are onneted the rotations and tilting alternate in sense
so that the nal orthorombi struture has a unit ell whose volume orresponds to four
perovskite unit ells. The JT distortion is predominantly of the Q2 type (see gure 1)
in whih eah otahedron is strethed along one of the axes in the basal plane. Clearly,
the loally strethed axis alternates in diretion by 90◦. The JT distortion arises from the
degenerate e1g onguration; it splits the eg level so as to lower the energy of the Mn 3z
2−r2
orbital, with loal z axis along the long MnO bonds. The JT distortion in LaMnO3 is a
large eet, with an otahedral aspet ratio of 1.12 ompared with 1.004 in CaTiO3 [4℄.
It enourages orbital ordering in the basal plane with loal 3z2 − r2 orbitals pointing in
alternate diretions. This has been observed [5℄. The magneti ordering of LaMnO3, as
indiated in gure 1, is A-type antiferromagneti, with ferromagneti basal planes arranged
antiferromagnetially. In a doped system suh as La0.7Sr0.3MnO3, whih is a ferromagneti
metal, the rystal struture is muh more nearly ubi [6℄. The slight distortion seems to
be predominantly due to otahedral rotation and there is no evidene of a stati JT eet
[4℄. However a dynami JT eet may our as the eg eletron moves from site to site and
this onstitutes a JT polaron. An important parameter in all manganites is the MnOMn
bond angle whih is less than 180◦ in a distorted struture. This redued angle leads to
redued MnMn hopping and hene to a narrowing of the eg band.
Figure 1: The ideal ubi perovskite struture, showing the AF type A order for LaMnO3.
Also shown are the breathing mode (Q1), the basal-plane distortion mode (Q2), and the
otahedral strething mode (Q3) whih are present in the atual struture. (from referene
[4℄)
Phase diagrams in the x-T plane of LSMO and LCMO are shown in gure 2. For
x < 0.5 the two diagrams appear to be quite similar with a maximum Curie temperature
TC at x ≈ 0.33. However the maximum TC in LCMO is onsiderably lower than in LSMO
and the paramagneti state above TC is insulating in LCMO and a poor metal in LSMO.
In LCMO harge-ordering sets in at x ≈ 0.5 and in the ferromagneti insulator regimes
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at x . 0.2, in both LSMO and LCMO, substitutional disorder must play an important
role. Muh of the theoretial work reviewed here is onentrated on x ≈ 0.3, where
neither harge order nor orbital order is expeted, and it is assumed that the system
is homogeneous. However, it has been argued by Moreo et. al. [7℄ and Nagaev [8℄ that
harge inhomogeneity is widespread in the manganites with a tendeny for holes, produed
by doping, to segregate in ferromagneti lusters. Unfortunately most quantitative work
along these lines has employed models in whih long range Coulomb fores are negleted.
This leads to unrealisti preditions of marosopi phase separation [7℄.
(a) (from referene [9℄) (b) (from referene [10℄)
Figure 2: Phase diagram for La1−xSrxMnO3 (a) and La1−xCaxMnO3 (b). The various states
are: paramagneti insulating (PI), paramagneti metal (PM), anted insulating (CI), fer-
romagneti insulating (FI), ferromagneti metal (FM), antiferromagneti insulating (AFI)
and harge-ordered insulating (COI). TC and TN are Curie and Neél temperatures, respe-
tively.
The importane of the MnOMn bond angle was mentioned above. This an be
varied in the system A0.7A
′
0.3MnO3, with a xed number of eletrons n = 0.7 in the eg
ondution band, by varying either the average A-site ioni radius 〈rA〉 or by applied
pressure. Rodriguez-Martinez and Atteld [11℄ have also stressed the role of the variane
in rA. An inrease of either 〈rA〉 or applied pressure tends to push the MnOMn bond
angle loser to 180◦, thereby inreasing the MnMn hopping parameter and onsequently
the width of the eg band. The sensitivity of the Curie temperature TC to suh hanges is
shown in gure 3. The eet on the transport properties is even more striking. The ontrast
between the temperature-dependene of the resistivity ρ(T ) for LSMO and LCMO, with
x ≈ 0.3, is seen in gures 4 and 5. In LSMO the resistivity above TC (∼ 370 K) ontinues
to rise, as in a poor metal, whereas in LCMO the resistivity peaks at TC (∼ 260 K) and
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dereases as the temperature is raised above TC. This indiates a metal-insulator transition
at TC. Furthermore in LSMO, above TC, ρ ∼ 4 mΩm whereas the resistivity of LCMO
peaks at about 40 mΩm . A satisfatory theory of the manganites must be able to aount
for this huge dierene in behaviour between two apparently very similar materials. The
eet of applied magneti elds of magnitude 05.5 T on ρ(T ) in LCMO is shown in gure 5.
The large hange in resistane near TC is termed `olossal magnetoresistane' (CMR) and
it is this phenomenon whih has inspired muh of the reent researh on the manganites.
However the large elds required make it unlikely that this intrinsi property will be used
in a sophistiated devie for sensing magneti elds. Low-eld magnetoresistane observed
in polyrystalline La2/3Sr1/3MnO3 is attributed to spin-polarized tunneling between `half-
metalli' grains [12, 13℄. The half-metalli property of manganites is disussed in the next
setion on eletroni struture.
Figure 3: The phase diagram of A0.7A
′
0.3MnO3 as a funtion of the bandwidth. Closed
irles represent variations of the bandwidth due to internal pressure (variations of the
average A-site ioni radius 〈rA〉), and open irles indiate variations due to externally
applied pressure. (from referene [14℄)
2 Eletroni struture
Before disussing the origin of metalli ferromagnetism in the doped manganites it is ne-
essary to understand their eletroni struture. The most important question is whether
doping LaMnO3 introdues holes predominantly into a Mn d band or into an O p band.
This depends of ourse on whih oupied band lies higher in energy. The question must
be answered by a ombination of theory and experiment. The usual starting-point is a
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Figure 4: Resistivity versus temperature for La1−xSrxMnO3 rystals. Arrows indiate the
Curie temperature TC for the ferromagneti phase transition. (from referene [15℄)
Figure 5: Resistivity (solid lines) of La0.65Ca0.35MnO3, aquired in applied elds ranging
from 0 to 5.5 T, and the bulk magnetization in an in-plane applied eld of 50 G (•), both
as a funtion of temperature. (from referene [16℄)
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band alulation based on the loal spin-density approximation (LSDA). In this approx-
imation all eletrons of a given spin experiene the same rystal potential and therefore
all d orbitals of that spin, apart from a modest rystal eld splitting between t2g and eg,
have the same on-site energy. In order to obtain a dn onguration, with n 6= 0, 5 or
10, it is inevitable that the d band must overlap the Fermi level. Consequently in LSDA
alulations for LaMnO3, with a Mn d
4
onguration, the d band lies above the lled O p
band [17, 4, 18℄. The JT lattie distortion of Q2 type is required to open a small gap in
the eg band so that the system beomes an insulator with orbital ordering. Also, the JT
distortion stabilizes the observed antiferromagneti struture over the ferromagneti one
[4℄. The alulated Mn magneti moment is 3.4µB ompared with 3.7µB found by neutron
sattering [18℄. Thus the LSDA alulations are ompatible with the observed magneti
and strutural details in LaMnO3.
However it is well-known that in some oxides, like NiO [19℄, the p band lies above
the d band and the LSDA fails [20℄. This is the ase of a harge-transfer insulator where
exitations aross the gap are O p → Ni d. To desribe suh a system within band theory
one must use extensions of the LSDA, suh as LDA+U or the self-interation orretion
(SIC), or a Hartree-Fok method. In these approahes dierent d orbitals may see dierent
potentials. For example one ↑ spin eg orbital ould lie well below the Fermi energy and
the other ↑ spin eg orbital ould lie above it. Sine a partiular eg orbital must be piked
out for oupation on a given site ubi symmetry is broken and orbital ordering ours.
The splitting between the eg levels would be the Hubbard on-site Coulomb interation
U . The p band an then lie above the oupied eg band. The density of states (DOS)
obtained by Su et. al. [21℄ in a Hartree-Fok alulation for LaMnO3 is shown in gure 6.
Here the oupied majority spin d states (t32ge
1
g) lie well below the oxygen band and the
Mn moment is lose to 4µB. The DOS skethed by Satpathy et. al. [4℄ to illustrate the
results of a LDA+U alulation for LaMnO3 is slightly less extreme. The majority spin d
band lies just within the bottom of the oxygen p band. LaMnO3 orders magnetially as
an A-type antiferromagnet (AAF) with ferromagneti ordering within the basal planes. In
gure 6 it is seen that the projeted OII − p DOS, orresponding to oxygen in the basal
planes (see gure 1), has an exhange splitting of about 0.75 eV at the top of the band. If
the system were ferromagnetially ordered one would expet a similar, or slightly greater,
exhange splitting. Thus, aording to this piture, the ferromagneti metal obtained by
doping LaMnO3 suiently with Sr, for example, would ontain S = 2 Mn ions aligned by
itinerant p holes of opposite spin.
Both of the very dierent theoretial pitures presented above an explain the magneti
and strutural properties of LaMnO3. To distinguish between them we must examine
some spetrosopi data. Barman et. al. [22℄ give a very lear piture of the situation
in the related material LaNiO3. This is a non-magneti metal with the Ni
3+
ion in a
nominal t62ge
1
g onguration, that is t
3
2ge
0.5
g for eah spin. Thus the band struture should
be very similar to the majority spin band in ferromagneti La0.5Sr0.5MnO3. Indeed the
alulated DOS in referene [22℄, shown in gure 7, resembles in detail majority spin bands
found in LSDA alulations for LaMnO3 [4℄, La2/3Ca1/3MnO3 [17℄ and La2/3Ba1/3MnO3
[23℄. Comparison should be made with the total DOS in gure 8, due to Pikett and Singh
8
Figure 6: The (projeted) DOS of LaMnO3, with AAF ordering. Positive and negative
DOS are for up- and down-spin states, respetively. Energies are relative to the top of the
valene band. The projeted Mn-d and OII-p DOS are for Mn and O on an up-spin basal
plane. (from referene [21℄)
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[17℄. Their alulation is for ordered La2/3Ca1/3MnO3 with planes of La and Ca in a regular
sequene. The feature of the DOS marked A in gure 7(b) is an eg band and B orresponds
to the t2g band. C and D are two features of the broad oxygen p band. In the inset of
gure 7(a) a alulated x-ray photoemission (XP) spetrum, inluding the eets of matrix
elements as well as resolution and lifetime broadenings, is ompared with the experimental
spetrum. The peak near the Fermi energy EF arises from the d band features A and B.
The shoulder on the left of this peak and the seond peak arise from the p band features
C and D respetively. Sarma et. al. [18℄ showed that this good agreement between theory
based on LSDA band alulations and the observed XP spetrum extends to LaCoO3,
LaFeO3 and LaMnO3. In the Fe and Mn ompounds, both insulators, the alulated
valene band had to be shifted by 2.0 and 1.3 eV, respetively, to enlarge the band-gap.
The LDA invariably underestimates band-gaps in semi-ondutors and insulators (maybe
LDA + small U should be onsidered, as disussed at the end of setion 3.1). In the
ultraviolet photoemission (UP) spetrum of LaNiO3 shown in gure 7(a) features A and
B appear muh more weakly than C and D, in ontrast to the XP spetrum, and this is
onsistent with the assigned d and p angular momentum harater [22℄. The UP spetrum
of LaMnO3, both doped and undoped, is quite similar to that of LaNiO3 with lear p
band features C and D [24, 25℄. However features A and B are not visible and seem only
to ontribute to a tail in the spetrum whih extends to EF in metalli samples suh as
La1−xSrxMnO3 [25℄. It seems even more diult to photo-exite d eletrons near EF, with
ultraviolet photon energies, in doped LaMnO3 than in LaNiO3. Furthermore only a weak
shoulder orresponding to features A and B is seen in the XP spetrum of La0.7Sr0.3MnO3,
unlike the large peak in LaNiO3 [24℄. However Park et. al. [26℄, in high resolution spetra,
see lear Fermi edges at 80 K in La0.67Ca0.33MnO3 and La0.7Pb0.3MnO3. A ontributory
fator to low density of states at EF may be the eet of eletron-phonon oupling, whih
tends to open a pseudo-gap in the one-eletron spetrum as disussed in setions 6 and 8.3.
Surfae preparation is learly also very important sine the probing depth in photoemission
may be as small as 5 Å [27℄.
Aording to LSDA alulations, for example that shown in gure 8, a doped manganite
like La2/3Ca1/3MnO3 is almost `half-metalli'. This term applies to a ferromagneti metal
in whih the Fermi level lies in a gap in the DOS for states of one spin. In gure 8 the
Fermi level lies just above a gap in the minority spin DOS. Aording to this alulation
states from just below EF to about 1.4 eV below it should be 100% spin polarized. Spin
polarization at EF an be measured diretly by Andreev reetion and values of up to 80%
have been found in La0.7Sr0.3MnO3 at 4.2 K by Soulen et. al. [28℄ and Osofsky et. al. [29℄.
Large spin polarization in La0.67Sr0.33MnO3 is also dedued from spin-polarized tunnel-
ing measurements [30, 31℄. Spin-polarized photoemission an probe below EF and Park
et. al. [32℄ nd 100% polarization in thin lms of La0.7Sr0.3MnO3 down to 0.6 eV below
EF. This suggests a smaller gap in the minority spin DOS than predited theoretially.
In early work on spin-polarized photoemission from La0.7Pb0.3MnO3 Alvarado et. al. [33℄
attributed their failure to see more than 20% polarization to a broad band of unpolarized
Pb 6s states extending almost up to EF.
A stringent test of a proposed eletroni struture of a metal is whether it gives the
10
(a) (b)
Figure 7: (a) He I UP spetra of LaNiO3 and NdNiO3. The experimental (dotted line) and
alulated (solid line) XP spetra of LaNiO3 are shown in the inset. (b) The total DOS
(solid line), Ni d (dot-dashed line), and O p (dashed line) partial DOS for LaNiO3 and
NdNiO3 alulated within LMTO-ASA [22℄.
observed Fermi surfae. In a disordered system like La0.7Sr0.3MnO3 the Fermi surfae is
not sharp as in a pure metal. Even at T = 0 there is no atual disontinuity in oupation
number between states inside and outside a perfetly-dened surfae in k-spae. Standard
methods of determining the Fermi surfae, like the de Haasvan Alphen method, an
generally not be applied, exept for the ase of weak sattering in dilute alloys. However
if sattering is not too strong the transition between oupied and unoupied states in
k-spae is suiently rapid to show up in the eletron momentum distribution as a fairly
lear Fermi surfae. The momentum distribution an be measured by Compton sattering
or positron annihilation. Livesay et. al. [34℄ have used positron annihilation to investigate
the Fermi surfae of La0.7Sr0.3MnO3 and ompare it with a LSDA band alulation. They
used a ubi perovskite struture and a virtual rystal approximation, whih makes the
Fermi surfae sharp, to nd the band struture shown in gure 9. The system is almost
half-metalli and the two majority spin Fermi surfae sheets are shown in gure 10. These
omprise hole uboids at the R (±π/a,±π/a,±π/a) points that touh an eletron spheroid,
entred at the Γ (0, 0, 0) point, along the (111) diretions. Similar Fermi surfae sheets
are desribed by Pikett and Singh [35℄. The analysis of the positron annihilation data
is not simple, but Livesay et. al. onlude that their results agree well with the theory
and establish the existene of the uboid hole sheets. The virtual rystal approah is
reasonable sine Pikett and Singh [17, 23, 35℄ have shown that sattering due to random
A-site oupation has little eet on the majority-spin bands around EF. However the
11
disorder loalizes states at the bottom of the minority-spin band near EF. Even if the
bottom of the band falls just below EF the system will still behave as half-metalli in
transport [35℄.
Figure 8: The total DOS and loal DOS on eah inequivalent Mn ion for ordered
La2/3Ca1/3MnO3 with FM spin ordering [17℄. The subsripts denote the types of ation
planes sandwihing that layer of Mn ions.
The standard method of investigating band struture experimentally, away from the
Fermi level, is angle resolved photoemission (ARPES). MIlroy et. al. [16℄ have investigated
LaxCa1−xMnO3 and LaxBa1−xMnO3 with x = 0.35 using this tehnique. As pointed out
above, the eg states lose to the Fermi energy are hardly visible in photoemission, so one is
looking at the dense ensemble of bands between 2 and 8 eV below EF (see gure 9). It is
hardly to be expeted that any lear dispersion urves will emerge andMIlroy et. al. dedue
that in the Ca-doped ompound there are a lot of very at bands. They onlude that all
the oupied states are extremely loalized, but this seems an improbable assessment of
the broad p bands. Some dispersion is found in the Ba ompound, possibly assoiated with
the steeply dropping bands in the ΓX diretion at around 4 eV below EF. A disussion
of ARPES measurements by Dessau et. al. [36℄ on a bilayer manganite is deferred to
setion 8.3.1.
12
Figure 9: Spin-polarized band struture of La0.7Sr0.3MnO3. The majority spin bands are
shown as solid lines, and the minority as dashed lines [34℄.
Figure 10: Two sheets of the Fermi surfae of La0.7Sr0.3MnO3. Hole uboids at the R
points, oined `woolsaks'. Eletron spheroid entred at the Γ point [34℄.
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Clearly there is a lot of evidene that the eletroni struture of the manganites is well
desribed by LSDA alulations and that states near the Fermi level have predominantly
Mn d harater with eg symmetry. However hybridization with O 2p states is by no means
negligible. Sarma et. al. [18℄ nd that at the valene-band top and ondution-band bottom
in LaMnO3 the d omponent is 58% and 73% respetively. Simple one-band or two-band
models must be thought of as hopping between orbitals of eg symmetry entred on Mn
but extending onto neighbouring O atoms. The simple nature of the bands rossing the
Fermi level, and the simple Fermi surfae, suggest that a suitably parameterized two-band
model, as used by many authors, may be quite realisti. Sarma et. al. [18℄ disuss the
reasons for the suess of LSDA in the LaMO3 ompounds with M=Mn, Fe, Co and Ni.
In these perovskites the MO bond is shorter than in the roksalt MO ompounds, so that
the MO hopping parameter is larger. Also the eetive Coulomb interation U on the
M site is smaller due to better sreening by the loser O ions and to larger eetive dd
hopping.
We now briey disuss some work whih is often quoted in support of the hypothesis
that LaMnO3 is an insulator with a harge-transfer (O p → Mn d) gap. Instead of a band
alulation for the rystal Saitoh et. al. [25℄ performed onguration-interation alula-
tions for an isolated MnO6 luster. The parameters of the model are the dd Coulomb
interation U , the p → d harge-transfer energy ∆ and p → d hopping parameter. They
varied the parameters to obtain the best t to the observed Mn 2p ore-level photoemis-
sion spetrum, O 1s x-ray absorption spetrum and valene-band photoemission. They
onlude that for LaMnO3 U = 7.8 eV and ∆ = 4.5 eV so that the ondition U > ∆
for a harge-transfer insulator is satised. On the other hand Chainani et. al. [24℄ in a
similar, but slightly dierent, analysis nd ∆ = 5.0 eV, U = 4.0 eV whih makes LaMnO3
more Mott-Hubbard-like than harge-transfer-like. Even for spetrosopi properties the
results of luster alulations seem inonlusive. Energy loss spetrosopy (EELS) on
La1−xSrxMnO3 in whih eletrons are exited from O 1s states to empty p-like states, has
been presented [37℄ as onrmation of the hypothesis that LaMnO3 is a harge-transfer-
type insulator. A peak at the Fermi level grows with inreasing x and this is interpreted
as proof that doping produes holes in the oxygen p band. However it seems that the se-
nario extensively disussed in this setion, where the harge arriers have Mn eg harater,
although signiantly hybridized with O 2p states, is not exluded.
In the next setion we disuss the exhange mehanism responsible for ferromagnetism
in the doped manganites from the general viewpoint of itinerant eletron magnetism. It is
learly related to the nature of the underlying eletroni struture.
3 Itinerant eletron ferromagnetism and double exhange
3.1 The double-exhange (DE) model
All work on the eletroni struture of the manganites is in agreement on one point. The
three majority spin t2g orbitals are all oupied and the minority spin ones are unoupied.
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This suggests that t2g eletrons play no part in transport and may be onsidered as loal-
ized. Consequently the system may be onsidered as onsisting of loal spins S = 3/2 on
eah Mn site oupled to eletrons in a predominantly eg ondution band by loal exhange
interations. Aording to the alternative view of the eletroni struture, disussed in se-
tion 2, one eg eletron per Mn site is also loalized and loal spins S = 2 are oupled to
holes in the oxygen p band. Although we mention this alternative view again later we shall
primarily adapt the former view for whih strong evidene has been given in setion 1.
Metalli rare-earth materials an also be onsidered as systems of loal moments oupled
to eletrons in a ondution band by loal exhange interations. We now disuss the
distintion between these and the manganites. The Hamiltonian for suh a system is
H =
∑
ijσ
tijc
†
iσcjσ − J
∑
i
Si · σi − h
∑
i
(Szi + σ
z
i ) , (3.1)
where c†iσ reates an eletron of spin σ on lattie site i, Si is a loal spin operator and
σi = (σ
x
i , σ
y
i , σ
z
i ) is a ondution eletron spin operator dened by
σ+i = σ
x
i + iσ
y
i = c
†
i↑ci↓ , σ
−
i = σ
x
i − iσyi = c†i↓ci↑ , σzi =
1
2
(ni↑ − ni↓) (3.2)
with niσ = c
†
iσciσ. The three terms of equation (3.1) desribe hopping of the ondution
eletrons, exhange oupling between loal and itinerant spins and oupling to an external
magneti eld. If the loal exhange oupling arises from hybridization between the loal-
ized and itinerant eletrons, as in anomalous rare earth systems exhibiting heavy fermion
behaviour, the exhange parameter J is negative. The Hamiltonian (3.1) is then often
alled the Kondo lattie model in view of its onnetion with the Kondo impurity model
whih has a loal spin on one site only [38℄. When Hund's rule oupling is dominant J > 0
and the system is sometimes alled a ferromagneti Kondo lattie. This is misleading sine
for J > 0 there is no onnetion with the Kondo eet.
For J > 0 it is useful to distinguish two distint physial regimes, depending on the
magnitude of J ompared with the width 2W of the ondution band. If J ≪ W , as in a
normal rare earth metal, the exhange oupling an be treated as a perturbation whih gives
rise to the Ruderman-Kittel-Kasuya-Yosida (RKKY) interation between loal moments.
In most rare earth metals this interation, whih osillates in spae, leads to osillatory or
spiral ongurations of the loalized f eletron moments. The uniform ferromagnet Gd is
an exeption. In this weak oupling regime the Hamiltonian (3.1) is usually referred to as
the s− f or s− d model.
If J ≫ W the exhange oupling an no longer be treated as a perturbation. A
ondution eletron an only hop onto a site with its spin parallel to the loal moment
at that site. Furthermore if the number of ondution eletrons per atom n ≤ 1 double
oupation of a site is strongly suppressed. A single eletron at a site, with its spin
parallel to the loal spin S, enjoys an exhange energy −JS/2 whih is lost if a seond
eletron hops on. The system is therefore a strongly orrelated eletron system, just like
the Hubbard model in the regime of strong on-site Coulomb interation U , and for n = 1
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the system is a Mott insulator. In muh of the theoretial work on the present model the
loal spins are treated as lassial vetors, orresponding to S →∞. Sine for J ≫W the
itinerant spin must always be parallel to the loal spin on eah site, the eetive hopping
integral for hopping between sites i and j beomes tij cos (θij/2), where θij is the angle
between the lassial spins Si, Sj. The osine fator arises from the salar produt of two
spin 1/2 eigenstates with dierent axes of quantization. The resultant band narrowing in
the paramagneti state favours ferromagnetism in order to lower the kineti energy. This
mehanism for ferromagnetism was rst introdued by Zener [3℄ and developed by others
[39, 40, 41℄. Sine it involves strong exhange oupling on two adjaent atoms it is known
as double-exhange. Consequently the Hamiltonian (3.1) in the strong-oupling regime
J ≫ W is alled the double-exhange (DE) model. We note that the p-hole piture is
not in the DE regime sine the antiferromagneti oupling between the Mn loal spins
and the O p-holes is weak ompared with the large oxygen band-width. This review is
largely onerned with the DE model, with quantum and lassial loal spins, and with
its extension to inlude oupling of the eletrons to loal phonons. We all this extended
model the Holstein-DE model [42℄. We now proeed to plae the DE model in the wider
ontext of itinerant eletron ferromagnetism.
3.2 A wider view
The marosopi exhange energy in a ferromagnet takes the form
A
∫ ∑
i
(∇ni(r))2 d3r (3.3)
where n1, n2, n3 are the diretion osines of the magnetization diretion at position r.
Here A is the Bloh wall stiness onstant. A long wavelength spin-wave is a marosopi
osillation in whih the magnetization preesses around the equilibrium z diretion. The
transverse omponents of magnetization vary in spae and time as
M+ = Mx + iMy ∝ exp [i(q · r − ωt)] . (3.4)
The dispersion relation is
~ω = Dq2 (3.5)
and the spin-wave stiness onstant D ∝ A/Ms where Ms is the saturation moment. This
marosopi piture is valid for any ferromagnet, at zero or nite T (< TC) and with an
ordered or disordered rystal struture. In exiting a spin-wave quantum (magnon), for
example by neutron sattering, a single spin is ipped down. For ferromagnets with a
substantial moment per atom, of a Bohr magneton or two, long wavelength spin-waves
make an important, and often dominant, ontribution to the temperature dependene of
the magnetization for T . TC/2, through the well-known Bloh T
3/2
law. In manganites
with TC & 350 K the ratio δ = D/(kBTCa
2), where a is the lattie onstant, is lose to
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the value 0.286 for the spin 3/2 nearest neighbour simple ubi Heisenberg model. For
manganites with lower TC, δ an be larger by up to a fator 2 and this is attributed to
strong eletron-phonon oupling [43℄. However in general D provides a good measure of
TC. This is not the ase, however, in very weak itinerant ferromagnets suh as ZrZn2, with
small saturation moment, where longitudinal spin utuations are a determining inuene
on TC.
A very useful feature of D is that it is in eet a ground state property. It is diretly
related to the Bloh wall stiness onstant A, whih an be determined from the ground
state energy of the system in a non-uniform transverse magneti eld. Thus in prini-
ple D an be alulated exatly in spin density funtional theory, even though the band
struture used in the ourse of the alulations has no suh rigorous validity. In pratie
one obtains good values for D in Fe and Ni, and their alloys, on the basis of LSDA band
alulations [44, 45℄. We are aware of only one alulation along these lines for any man-
ganite material. Solovyev and Terakura [46℄ nd D ≈ 300 meVÅ2 for La0.7Ba0.3MnO3
whih is omparable to experimental values of somewhat less than 200 meVÅ
2
for similar
manganites with x = 0.3. We disuss the general approah below sine it gives insight
into the exhange mehanism in ferromagneti metals and makes lear the basis of the
double-exhange model.
Edwards and Muniz [44℄ showed how D an be evaluated diretly from a multi-band
tight-binding parameterization of a LSDA band alulation for the ferromagneti ground
state. No input about the underlying eletron-eletron interation is required. However at
a more mirosopi level one may onsider the band struture to arise from a Hartree-Fok
approximation (HFA) to a Hamiltonian of the form
H =
∑
k
∑
µµ′σ
Vµµ′(k)c
†
µkσcµ′kσ +Hint ≡ H0 +Hint , (3.6)
where c†µkσ reates an eletron of spin σ in a Bloh state of wave-vetor k formed from
orbitals µ. Here the rst term H0 represents the eletron `kineti energy', atually the
kineti energy plus a spin-independent loal potential, and Hint is a loal (intraatomi)
interation term. O-diagonal elements Vµµ′ desribe hybridization between dierent or-
bitals. In general Hint ontains sreened Coulomb interations and exhange interations
of the Hund-rule type between the various orbitals. It an also inlude an additional one-
eletron term representing spin-independent diagonal disorder and may be generalized to
inlude interation with loal phonons, as we shall disuss later. The Hamiltonian may be
onsidered at two levels; either with eetive interations designed to reprodue the LSDA
band struture within the HFA, or as a true many-body Hamiltonian in whih orrelation
eets must be treated expliitly, for example by dynamial mean eld theory [47, 48℄. In
both approahes one may start with an exat expression for D [49℄:
D =
~
2
N↑ −N↓
(
lim
q→0
(~q)−1〈[J−q , S+−q]〉 − lim
ω→0
χJ(0, ω)
)
. (3.7)
Here S−q =
∑
kµ c
†
µk+q↓cµk↑ is a spin-ipping operator representing a transverse omponent
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of spin density and J−q is the spin urrent operator dened by
~qJ−q = [S
−
q , H ] =
∑
k
∑
µµ′
(Vµµ′(k)− Vµµ′(k + q)) c†µk+q↓cµ′k↑ . (3.8)
N↑ and N↓ are the total number of eletrons of ↑ and ↓ spin and χJ(q, ω), the spin urrent-
spin urrent response funtion, is given by the Fourier transform of a retarded Green
funtion in the form
χJ (q, ω) =
∫
dt〈〈J−q (t), J+−q〉〉e−iωt . (3.9)
The expression in brakets in equation (3.7) is proportional to the Bloh wall stiness
onstant A (∝ D(N↑ − N↓)) and the seond term is a generalized superexhange term
whih always makes a negative ontribution to D. The rst term therefore yields an
upper bound to D and orresponds to the variational ansatz S−q |F 〉 for the state with
a spin-wave of wave-vetor q exited, where |F 〉 is the ferromagneti ground state. This
zeroth approximationD0 is often the dominant term in itinerant eletron ferromagnets with
maximum spin alignment suh as the doped manganites. It is therefore worth examining
in detail and for a ubi rystal may be written in the form
D0 =
1
6(N↑ −N↓)
∑
k
∑
µµ′σ
∇2Vµµ′(k)〈c†µkσcµ′kσ〉 , (3.10)
where the expetation value is evaluated in the ferromagneti ground state and dierenti-
ation in ∇2 is with respet to k. If a partiular orbital µσ is ompletely full or ompletely
empty in the ground state it makes no ontribution to D0. This follows beause under
these irumstanes 〈c†µkσcµ′kσ〉 and 〈c†µ′kσcµkσ〉 are both zero for µ 6= µ′ and the integral of
∇2Vµµ(k) over the whole zone may be written as a surfae integral over the zone boundary
whih learly vanishes. Thus in the manganites the t2g orbitals do not ontribute to the
rst term in the Bloh wall stiness onstant A, as long as their mixing into ↑ spin states
above EF and into ↓ spin states below EF is negligible. Of ourse the t2g eletrons make
the largest ontribution to the fator N↑ − N↓ in D, and without their exhange oupling
to the eg eletrons there would be no ferromagnetism. The onsiderations above provide
a justiation for treating the t2g eletrons as loal spins, despite the substantial width
of the t2g bands, and for the model DE Hamiltonian of equation (3.1). We shall see that
reent alulations of D in this model are speial ases of the general formalism presented
here.
Quijada et. al. [50℄ have onsidered a two-band generalization of equation (3.1) and
alulate D in an approximation equivalent to the random phase approximation (RPA).
Nearest-neighbour hopping integrals on a simple ubi lattie are parameterized appro-
priately for eg orbitals, assuming only one non-zero Slater-Koster parameter (ddσ). For
J → ∞ the result is just D0 given by equation (3.10), with N↑ − N↓ = (2S + n)N where
n = 1− x is the total number of eletrons per atom in the ondution bands and N is the
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number of atoms in the rystal. For nearest-neighbour hopping ∇2Vµµ′(k) = −a2Vµµ′(k),
where a is the lattie onstant and the on-site orbital energy taken as zero. Thus
D0 = − Ka
2
6(2S + n)
, (3.11)
where K = N−1〈H0〉 is the expetation value of the `kineti energy' per atom. The K
dened in referene [50℄ is one-third of that dened here and has the opposite sign. In
general our K ≤ 0 and equation (3.11) emphasizes that exhange stiness is driven by
one-eletron (`kineti') energy in the DE model.
It is important to notie that equations (3.10) and (3.11) are still valid if terms orre-
sponding to spin-independent diagonal disorder and loal oupling to phonons are inluded
in the Hamiltonian. This last point has been exploited to investigate the eet of eletron-
phonon oupling on D [43℄, as disussed in setion 8.4. The result onerning disorder
is important beause it shows that the double-exhange mehanism for ferromagnetism
does not depend on having mobile arriers. Loalized states ontribute to the one-eletron
energy just as well as extended ones, as long as the loalization length is more than a few
lattie onstants. This presumably explains why TC varies ontinuously through the FM-
FI phase boundaries in gure 2. At low arrier density (x . 0.2) the oupied states are
below a mobility edge, making the system an insulator, but double exhange still operates
to give ferromagnetism.
We have laid onsiderable stress on D0 as the most important, typially metalli, part
of D. However in some systems the value of D is subjet to enormous anellation between
D0 and the seond `superexhange' term. Thus in a very weak itinerant ferromagnet suh
as ZrZn2, with very small magnetization M , the braket in equation (3.7) is proportional
to M2, so that D ∝ M . In a rare-earth metal like Gd, or in an Anderson lattie model of
a ferromagneti heavy fermion system, it is a deliate matter in this formalism to derive
the orret RKKY-like result [51℄. The situation would be similar in a alulation of D
based on the eletroni struture piture of t32ge
1
g (S = 2) spins oupled via p holes. Zhao
[52℄ ritiizes the standard DE piture with S = 3/2 spins oupled by eg arriers. His
ritiism is based on a two-band estimate of D with nite J , whih omes out very small
or negative. His model is exatly that of Quijada et. al. [50℄ who estimate values of D
in good agreement with experiment. Zhao does not estimate D in the alternative p-hole
piture whih he favours. It would be very surprising if the RKKY-like exhange of that
piture were larger than that of the itinerant eletron DE piture. It would be interesting
to arry out proper alulations of D in the multi-band tight-binding formalism starting
from a LSDA band struture (ompatible with the DE piture) and from LSDA+U or
Hartee-Fok band struture (the p-hole ase). It was pointed out earlier that Solovyev and
Terakura [46℄ obtained a reasonable value for D for a x = 0.3 manganite by means of the
LSDA. They alulated the energies of stati spin spirals of dierent wave-vetors q and
tted them to a Heisenberg expression for the magnon energy with exhange extending
over many neighbours (see e.g. [53℄). For small q this is equivalent to alulating the Bloh
wall stiness onstant A whih is exatly related to D. However there is no reason to plae
muh reliane on the dispersion urve for larger q. Solovyev and Terakura had diulty
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reoniling their work with the observed doping dependene of D; experimentally in LSMO
[54℄ D inreases with x for 0.175 < x < 0.3, just as TC does (see gure 2). It is lear,
from their analysis of a simplied two-band model, that their opposite onlusion is due
to the double-exhange being largest at x = 0 sine the eg band is then half-full. At x = 0
the system should be a Mott insulator. Probably the best alulational method would be
LDSA+U with a U large enough to split the ↑ spin eg band but not large enough to reverse
the ordering of p and d states. A piture like this is skethed in gure 12 of referene
[25℄. This does not hange the general piture of the eletroni struture we presented in
setion 2.
3.3 Spin-waves in the DE model
The spin-wave stiness onstant D in the one-band DE model (equation (3.1)) is easily
dedued from the general multi-band formulation of setion 3.1. The only role of the loal
spins is to provide an exhange splitting between ↑ and ↓ spin bands and to ontribute
2SN to the loal moment N↑ − N↓. We an therefore use equation (3.7) and need an
approximation to χJ(0, ω). A reasonable approah is to make a loal approximation in
whih the eletron self-energy Σ is assumed to be a funtion of energy only, with no
dependene on wave-vetor k. This is formally exat in innite dimensions [47℄ and is
the basis of the oherent potential approximation (CPA) and dynamial mean eld theory
(DMFT). In this ase the vertex orretion in the spin urrent response funtion χJ(0, ω)
makes no ontribution and χJ an be evaluated using a simple bubble diagram whih
involves the produt of two one-eletron Green funtions. This result is well-known from
the more familiar harge urrent response funtion used to alulate eletrial and optial
ondutivity [55, 48℄. Then equation (3.7) beomes [56, 57, 58℄
D =
1
3(N↑ −N↓)
(
1
2
∑
k
〈nk↑ + nk↓〉∇2ǫk − 1
π
Im
∫
dǫf(ǫ)
∑
k
Gk↑(ǫ)Gk↓(ǫ)|∇ǫk|2
)
,
(3.12)
where ǫk =
∑
j tij exp[ik · (Ri −Rj)] is the band energy, Ri being the position of site i,
f(ǫ) is the Fermi funtion and the one-eletron retarded Green funtion Gkσ for spin σ is
given by
Gkσ(ǫ) = [ǫ− ǫk − Σσ(ǫ)]−1 . (3.13)
The oupation number 〈nkσ〉 is determined by
〈nkσ〉 = −1
π
∫
Im Gkσ(ǫ)f(ǫ)dǫ . (3.14)
On substituting this into equation (3.12), and applying Green's theorem to the sum over
k in the rst term, we nd
D = [6π(N↑ −N↓)]−1 Im
∫
dǫf(ǫ)
∑
k
[Gk↑(ǫ)−Gk↓(ǫ)]2 |∇ǫk|2 . (3.15)
20
This ompat expression was previously obtained [57, 58℄ within the framework of a CPA-
RPA alulation for ferromagneti alloys. However it is learly exat within any loal
approximation, for example DMFT, and an be used in the presene of oupling to loal
phonons. It shows how the anellation between the two terms of equation (3.12) takes
plae as N↑−N↓ → 0. An equivalent result has been given by Lihtenstein and Katsnelson
[53℄. A onvenient form of this result is obtained by introduing the funtion M(E) [59℄
dened by the integral
M(E) =
(
Ω/8π3
) ∫ |∇ǫk|dS (3.16)
over the surfae ǫk = E in k spae. Here Ω is the volume of the unit ell. Then at T = 0
D = [6π(2S + n↑ − n↓)]−1
∫ EF
−∞
dǫ
∫
dEM(E)Im [GE↑(ǫ)−GE↓(ǫ)]2 (3.17)
where GEσ(ǫ) is dened by equation (3.13) with ǫk replaed by E and nσ is the number
of σ spin eletrons per atom in the band in the ferromagneti ground state. Normally, we
onsider J large enough suh that n↓ = 0, so that n↑ = n = 1− x.
If we make the Hartree-Fok approximation (HFA) to Gkσ we have Σ↑ = −JS/2,
Σ↓ = JS/2 and it is easy to show that equation (3.12) yields the RPA result of Wang [60℄
and Furukawa [61℄ for D. The seond term involves a fator ∆−1 where ∆ = JS is the
exhange splitting in the ondution band. If a Hubbard on-site Coulomb term U
∑
i ni↑ni↓
is added to the Hamiltonian of equation (3.1) the only eet on D, assuming the spins are
already aligned ompletely, is that ∆ is inreased to JS + Un. If we then set S = 0 we
reover the well-known RPA result for D in the Hubbard model (see e.g. [62℄). If J →∞
in the DE model the RPA result for D redues to the rst term, whih is alled D0 in the
previous setion. If we go beyond the HFA for Gk↓, in the state of omplete spin alignment,
we nd that even for J → ∞ (but nite S) there is always some ↓ spin spetral weight
near the Fermi level whih may even ause the totally spin-aligned state to be unstable,
at least for S = 1/2 [63, 64, 65℄. Thus half-metalliity may be destroyed and, even if not,
the Fermi level lies at the top of the half-metalli gap. This eet was known long ago in
the Hubbard model and is due to proesses in the self-energy Σ↓ in whih a ↓ spin eletron
ips its spin and appears as a ↑ spin eletron near EF plus a magnon [66, 67, 68, 69℄.
The ↑ spin eletron and the magnon may bind to form low-lying ↓ spin quasi-partile
states. The magnon dispersion urve neessarily runs into a ontinuum involving these
states for wave-vetor q lose to an ↑ spin Fermi wave-vetor [69℄. Kaplan et. al. [70℄ have
arried out some numerial studies of this eet in one dimension but seem unaware of the
earlier analytial work. When the self-energy Σ↓ disussed above is introdued into Gk↓ in
equation (3.15), the eet onD is to add a negative term to D0 (the RPA value for J →∞)
whih is attributed to magnon-eletron sattering [71, 68, 69℄. The magnon exites ↑ spin
eletron-hole pairs. This has been investigated diagrammatially from the point of view of
a 1/S expansion by Golosov [72℄ and the eet an redue D in the two-dimensional DE
model by a fator of 2. Golosov also disusses magnon damping due to magnon-eletron
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sattering; he nds that the inverse magnon lifetime is proportional to the sixth power of
the wave-vetor q, as expeted for a three-dimensional itinerant eletron ferromagnet with
omplete spin alignment in the ground state [73℄.
Another approah to this problem is a variational one similar to the ones of referenes
[64, 65℄. An obvious ansatz for the state with one spin-wave exited from the ferromagneti
state of omplete spin alignment is
(S−q +
∑
kp
AkpS
−
q+p−kc
†
k↑cp↑) |F 〉 (3.18)
where S−q is the total spin-ipping operator for loal and itinerant spins. It is diult to
hoose the oeients Akp optimally, but a onvenient hoie is
Akp = [N(n + 2S)]
−1(ǫp − ǫp+q)(ǫk − ǫp + ~ωRPAq+p−k)−1 , (3.19)
where
~ωRPAq = [N(n + 2S)]
−1
∑
l
〈nl↑〉(ǫl+q − ǫl) (3.20)
is the RPA spin-wave energy for J →∞. Then we nd an upper bound on D, for J →∞,
in the form
D = D0 − 1
3[N(n + 2S)]2
∑
kp
|∇ǫp|2
ǫk − ǫp + ~ωRPAp−k
− 1
3[N(n + 2S)]3
∑
k
∑
pp′
(∇ǫp · ∇ǫp′) (ǫp′+p−k − ǫp′ − ǫp + ǫk)(
ǫk − ǫp + ~ωRPAp−k
) (
ǫk − ǫp′ + ~ωRPAp′−k
) . (3.21)
Here the sums over p, p′ are restrited to oupied states in the ↑ spin band and the sum
over k is restrited to unoupied ones. This result agrees with that of Golosov [72℄ to order
1/S2. The last term in equation (3.21), involving ∇ǫp · ∇ǫp′ with p 6= p′ in general, does
not t into the exat form of D in the loal approximation (equation (3.12). This is not
unexpeted beause the ↓ spin self-energy inluding eletron-magnon sattering depends
on wave-vetor k, not only on energy. The last term in equation (3.21) orresponds to a
vertex orretion rst disussed by Edwards [71℄.
4 Magnetism and transport in the DE model
In the last setion we saw that muh is known about the low-lying exitations of the DE
model. Reent work on the properties of the model over the whole temperature range
often deals with the limit of lassial loal spins (S →∞). The most omplete work along
these lines is that of Furukawa [61℄, using dynamial mean eld theory (DMFT) whih is
the best loal approximation. No analytial progress an be made within DMFT for the
quantum-spin DE model and numerial alulations have not yet appeared. However there
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is no doubt that quantum spins introdue eets whih do not exist for lassial spins. For
example the low-lying ↓ spin spetral weight disussed in the last setion has total weight
(1−n)/(2S+1) for large J (see setion 4.2) and therefore does not appear for S →∞. In
this setion we shall therefore onentrate on another loal approximation, the many-body
dynamial CPA [74, 75℄ in whih quantum spins an be treated analytially and whih
agrees with DMFT in the lassial limit. Like muh urrent researh on the DE model (see
setion 3.3) the method has its roots in work done on the Hubbard model in the sixties,
in this ase by Hubbard himself [76℄. Sine suh work is no longer ommon knowledge we
start with an introdution to CPA in the Hubbard model.
4.1 CPA for the Hubbard model
To introdue the many-body CPA we onsider the Hubbard model, whih is a simpler
model for strongly orrelated eletrons than the DE model with quantum spins. The
Hamiltonian for this model is
HH =
∑
ijσ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ (4.1)
and Hubbard [76℄ set out to nd an approximation to the one-eletron retarded Green
funtion Gkσ(ǫ) whih is exat in the atomi limit tij = 0. He used the equation of
motion method and the idea of the alloy analogy desribed below. It turns out that
Hubbard's approah, without the minor resonane broadening orretion, is equivalent
to the CPA whih was developed later [77℄. The CPA derivation of Hubbard's result is
muh simpler than the original equation of motion method. However we had to resort to
an extension of the original method to derive the many-body CPA for the DE model, with
and without phonons, in the general form needed to disuss magneti properties. In this
paper we restrit the derivation to the paramagneti state in zero magneti eld, although
we summarize some more general results.
The alloy analogy onsists in onsidering the ↑-spin eletrons, say, to move in the
potential due to stati ↓-spin eletrons, frozen in a random onguration whih must be
averaged over. Thus a one-eletron Hamiltonian for ↑-spin is obtained from (4.1) by taking
the last term to be U
∑
i ni↑〈ni↓〉 where 〈ni↓〉 takes the value 1 with probability n↓ and 0
with probability 1−n↓. Here nσ is the number of σ-spin eletrons per atom. It is important
to note that the alloy analogy is quite distint from the Hartree-Fok approximation in
whih 〈niσ〉 = nσ for all i. In the alloy analogy a σ-spin eletron moves in a random
potential given by U on nσ¯ sites and 0 on 1 − nσ¯ sites. In the CPA the random potential
is replaed by a uniform, but energy-dependent, eetive potential Σσ(ǫ) for an "eetive
medium". This eetive potential, in general omplex, is alled the oherent potential
and is in fat the eletron self-energy. The proedure for determining Σσ is to insist on a
zero average t-matrix for sattering by a entral atom, with potential U or 0, set in the
eetive medium. Equivalently the average of the site-diagonal element Gσ(ǫ) of the Green
funtion, for eah type of entral atom, is put equal to the site-diagonal element of the
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Green funtion for the eetive medium. Thus
Gσ = nσ¯
Gσ
1− (U − Σσ)Gσ + (1− nσ¯)
Gσ
1 + ΣσGσ
(4.2)
and
Gσ(ǫ) =
1
N
∑
k
1
ǫ− ǫk − Σσ(ǫ) = G0 (ǫ− Σσ(ǫ)) (4.3)
where the bare band Green funtion is given by
G0(ǫ) =
∫
dǫ′
N0(ǫ
′)
ǫ− ǫ′ . (4.4)
Here ǫk =
∑
j tij exp[ik · (Ri − Rj)] is the band energy, where Ri is the position of site
i, N0(ǫ) is the orresponding density of states per atom and N is the number of lattie
sites. Equations (4.2) and (4.3) are to be solved self-onsistently for Σσ(ǫ) and hene for
the loal Green funtion Gσ(ǫ). Equation (4.2) may be written as
Gσ =
nσ¯
Σσ +G−1σ − U
+
1− nσ¯
Σσ +G−1σ
. (4.5)
This may be ompared with the exat Green funtion for the atomi limit (tij = 0) whih
is given by [76℄
GALσ (ǫ) =
nσ¯
ǫ− U +
1− nσ¯
ǫ
, (4.6)
where in this retarded Green funtion ǫ has a small positive imaginary part as usual. Hene
Gσ(ǫ) = G
AL
σ
(
Σσ +G
−1
σ
)
. (4.7)
Clearly this CPA equation is exat in the atomi limit, when N0(ǫ) = δ(ǫ) and it follows
from equation (4.3) that Σσ + G
−1
σ = ǫ. Solution of the CPA equation beomes simple if
the density of states N0(ǫ) is taken to be of the ellipti form
N0(ǫ) =
2
πW 2
(
W 2 − ǫ2)1/2 (4.8)
where 2W is the bandwidth. Then from equation (4.4)
G0(ǫ) =
2
W 2
[
ǫ− (ǫ2 −W 2)1/2] . (4.9)
Introduing this expression for Gσ in equation (4.3), and solving for ǫ− Σσ(ǫ), we nd
Σσ +G
−1
σ = ǫ−W 2Gσ/4 . (4.10)
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Hene equations (4.6) and (4.7) give an algebrai equation for Gσ.
Solving this type of equation for Gσ, Hubbard [76℄ alulated the density of states
Nσ(ǫ) = −π−1Im Gσ(ǫ), onsidering partiularly the paramagneti state n↑ = n↓ = n/2
and onentrating on the half-lled band ase n = 1. He showed that for U/W greater
than a ritial value, equal to 1 in the present approximation, a gap opens in N(ǫ) at the
Fermi level so that the system beomes an insulator as envisaged by Mott. For U ≫W the
density of states onsists of two peaks entred on ǫ = 0 and ǫ = U , these being broadened
versions of the δ-funtions at these energies in the atomi limit. Furthermore, for general
band-lling n, the spetral weights in the two peaks are the same as in the atomi limit.
The CPA for the Hubbard model has some serious defets. There are no self-onsistent
solutions with magneti order. Furthermore in the paramagneti metalli state, for n < 1
or for n = 1 with U/W less than the ritial value, the system is never a Fermi liquid.
There is never a sharp Fermi surfae at T = 0 with a Migdal disontinuity in the Bloh
state oupation number, as pointed out by Edwards and Hewson [78℄. This is due to the
absene of states with innite lifetime at the Fermi level, sine within the alloy analogy
all states are sattered by disorder. A modiation of the CPA to remedy this defet,
retaining the analyti simpliity of the method, had some limited suess [79, 80, 81℄.
However the most satisfatory approah is DMFT whih involves numerial solution of an
assoiated self-onsistent impurity problem [47, 82℄. DMFT may be regarded as the best
loal approximation, in whih the self-energy is a funtion of energy only, and is exat in
innite dimension.
The many-body CPA is onsiderably more satisfatory for the DE model than it is
for the Hubbard model, as disussed in the next setion. There is one limit, the ase
of lassial spins (S = ∞), in whih the CPA is idential to DMFT. This is beause
lassial spins are stati and an alloy analogy of frozen disordered spins is ompletely
justied. DMFT for the DE model has only been implemented fully for lassial spins
[83, 84℄ and the many-body CPA disussed in the next setion provides an approximate
analyti extension of DMFT to quantum spins. The system orders ferromagnetially below
a Curie temperature TC, as it should, and the disordered spin state above TC should be
well desribed. However, the auray of the ground state at T = 0 for nite S is unlear.
The saturated state with all itinerant and loal spins ompletely aligned, whih is the
ground state for S = ∞ (we are always onsidering large J in the DE model), is never
a self-onsistent CPA solution for nite S [74℄. This is due to low-lying ↓ spin states
of the type disussed in setion 3.3. In the treatment desribed there involving magnon
emission the loal approximation orresponds to negleting the magnon energy, in whih
ase ↓ spin quasi-partile states always appear below the Fermi level and the saturated
state is unstable. In their approximate treatments of DMFT Meyer et. al. [85℄ also nd ↓
spin states below the Fermi level for any nite S. Possibly this is a general result of the
loal approximation. The true parameter range of stability of the saturated ground state
is unknown. It has been shown rigorously that for J = ∞ it is unstable for S = 1/2 and
0.12 < n < 0.45, with a simple ubi nearest-neighbour tight-binding band [63℄. Wurth
and Müller-Hartmann [65℄ nd no instability with respet to a single spin-ip for any n
when J =∞ and S = 3/2. If the true ground state is not saturated it seems unlikely to be
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a uniform (spatially homogeneous) ferromagnet, with partially ordered loal and itinerant
spins, as in the uniform CPA ground state for nite S. Suh a state would probably not be
a Fermi liquid, just as in CPA, unless the eletrons making up the spin S beame partially
deloalised with spetral weight at the Fermi level. Numerial DMFT results for quantum
spins are urgently required to throw light on the matter.
4.2 The many-body CPA for the DE model
Edwards et. al. [74℄ developed the many-body CPA for the DE model using an extension
of Hubbard's equation of motion method. Hubbard's sattering orretion beomes more
ompliated owing to the form of the interation term in the DE model whereby eletrons
an ip their spin via exhange of angular momentum with the loal spins. This dynamial
eet ouples the equations for G↑ and G↓ and was rst treated by Kubo [86℄ in a one-
eletron dynamial CPA. The main feature of the many-body CPA is that we reover
Kubo's one-eletron CPA as n→ 0 and the orret atomi limit for general band-lling n
as tij → 0. A seond paper [75℄ showed the equivalene to DMFT in the limit S → ∞,
J →∞. The full equation of motion derivation of the many-body CPA is required to obtain
general results in the presene of a magneti eld and/or magneti order [75℄. However it
turns out that in the zero-eld paramagneti state we an dedue the CPA equation from
the atomi limit Green funtion GALσ and equation (4.7), just as in the Hubbard model.
We shall therefore not repeat the full derivation in this paper although we shall disuss
results on magneti properties in setion 4.4.
The atomi limit Green funtion, GAL↑ , say, is easily obtained by the equation of motion
method using the Hamiltonian (3.1) with tij = 0 [74℄. The result for zero eld (h = 0) is
GAL↑ (ǫ) =
1
2S + 1
[〈(S + Sz)n↓ − S−σ+〉
ǫ+ J(S + 1)/2
+
〈(S − Sz) (1− n↓)− S−σ+〉
ǫ− J(S + 1)/2
+
〈(S + 1 + Sz) (1− n↓) + S−σ+〉
ǫ+ JS/2
+
〈(S + 1− Sz)n↓ + S−σ+〉
ǫ− JS/2
]
(4.11)
and for h 6= 0 one merely has to replae ǫ by ǫ + h/2. The angle brakets 〈. . .〉 represent
thermal averages and all operators within them orrespond to the same site i, this sux
thus being omitted. This expression, with four poles, is onsiderably more ompliated
than the two-pole Hubbard model expression of equation (4.6). The poles at ǫ = ±JS/2,
±J(S + 1)/2 orrespond to energies to add or remove an eletron from the atom, that
is to transitions between singly-oupied states and either unoupied or doubly-oupied
states. The singly-oupied states have total spin S+ 1
2
or S− 1
2
with energies −JS/2 and
J(S + 1)/2 respetively; the unoupied and doubly-oupied states have zero energy. In
a state of omplete spin alignment, with all loal and itinerant spins ↑, GAL↑ has a single
pole at ǫ = −JS/2 and GAL↓ has three poles at ǫ = ±JS/2 and J(S + 1)/2. The weight in
the low-lying ↓ spin level at −JS/2 is (1− n)/(2S + 1).
In the zero-eld paramagneti ase it turns out that the CPA equation for G(ǫ) with
the redundant sux σ omitted, is given by equation (4.7) as in the Hubbard model. Thus,
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taking the band to have the ellipti form (4.8), the CPA equation for G is
G(ǫ) = GAL
(
ǫ−W 2G/4) (4.12)
with GAL given by
GAL↑ (ǫ) =
1
2S + 1
[
nS/2− 〈S · σ〉
ǫ+ J(S + 1)/2
+
S(1− n/2)− 〈S · σ〉
ǫ− J(S + 1)/2
+
(S + 1)(1− n/2) + 〈S · σ〉
ǫ+ JS/2
+
n(S + 1)/2 + 〈S · σ〉
ǫ− JS/2
]
.
(4.13)
The spin symmetry of the paramagneti state has been used to simplify the expetations
in the previous form of GAL, equation (4.11). It is easy to show that 〈S · σ〉 → nS/2
as J → ∞ and 〈S · σ〉 will be very near this limit as long as JS & 2W . We make this
approximation in alulating G(ǫ), and hene the density of states, N(ǫ) = −π−1Im G(ǫ)
from equations (4.12) and (4.13). The results are shown in gure 11 for S = 3/2 and
J = 4W for various n. Clearly, from equation (4.13), the approximation to 〈S ·σ〉 has the
eet of removing the weak band entred on ǫ = −J(S + 1)/2 but it does not aet the
total weight or the distribution of weight between the two lower and two upper bands. It
may be seen that as n inreases from 0 the band near ǫ = J(S + 1)/2 is redued in weight
and a new band appears near JS/2, until at n = 1 no weight remains in the band near
J(S + 1)/2. The weight in the band near −JS/2 is (S + 1 − n/2)/(2S + 1) per spin so
if JS is suiently large to separate the bands (JS & 2W ) this band will just be lled
at n = 1 produing a Mott insulator as expeted. This redistribution of weight between
bands as they ll with eletrons is harateristi of the many-body CPA and was missing
from Kubo's one-eletron CPA [86℄ whih was restrited to n = 0.
In the strong-oupling limit J → ∞, whih is taken with a shift of energy origin
ǫ→ ǫ− JS/2, equation (4.13) simplies to
GAL(ǫ) = ǫ−1(S + 1− n/2)/(2S + 1) . (4.14)
Equation (4.12) then beomes a quadrati equation for G with solution
G(ǫ) = α2
2
D2
[
ǫ−
√
ǫ2 −D2
]
(4.15)
where α2 = (S +1− n/2)/(2S +1) and D = αW . By omparing with equations (4.8) and
(4.9) we see that the density of states is a single elliptial band of weight α2 and bandwidth
2αW . As S → ∞ the band-narrowing fator α → 1/√2 = 0.707, whih is lose to the
lassial result of 2/3, obtained by averaging cos (θ/2) over the solid angle.
In the lassial spin limit S → ∞ we resale J , replaing it by J/S, and the CPA
equation beomes
G =
1
2
[
1
Σ +G−1 + J/2
+
1
Σ +G−1 − J/2
]
. (4.16)
Here we have used the general equation (4.7), valid for arbitrary band-shape, rather than
equation (4.12). Equation (4.16) is preisely the equation obtained by Furukawa [61℄ within
DMFT.
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Figure 11: The density of states in the paramagneti state of the double-exhange model
for S = 3/2, J = 4W , and n = 0, 0.25, 0.75 and 1. The Fermi level is always within the
lowest band until this is just lled for n = 1. Energy units of W are used. (from referene
[74℄)
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4.3 Resistivity in the paramagneti state of the DE model
The Kubo formula for the ondutivity σ involves the two-partile urrent-urrent response
funtion. However in the loal approximation of CPA or DMFT there is no vertex orre-
tion [55, 48℄ and σ may be expressed in terms of the one-partile spetral funtion
Ak(ǫ) = −π−1Im Gk(ǫ) = −π−1Im [ǫ− ǫk − Σ(ǫ)]−1 . (4.17)
In the paramagneti state G is T -independent if we assume 〈S · σ〉 = nS/2, and σ de-
pends on temperature only weakly through the Fermi funtion. If we neglet this thermal
smearing around the Fermi energy µ we may alulate at T = 0 but onsider the results
to apply to the atual paramagneti state at T > TC. We nd [74℄
σ =
2πe2
3Na3~
∑
k
v2k [Ak(µ)]
2
(4.18)
where vk = ∇ǫk is the eletron veloity and a3 is the volume of the unit ell. Just as in
setion 3.3 we an introdue the funtion M(E), dened by equation (3.16), and write
σ =
2πe2
3a3~
∫
dEM(E)|AE(µ)|2 , (4.19)
where AE(µ) is dened by the right-hand expression in equation (4.17) with ǫ = µ, ǫk = E.
For a simple ubi tight-binding band ǫk = −2t
∑
β cos kβa, with β summed over x, y, z,
∇2ǫk = −a2ǫk. Then it is straight-forward to show that
M(E) = −a2
∫ E
−∞
ENc(E)dE (4.20)
where Nc(E) is the density of states for the simple ubi band. If Nc(E) is replaed
by a suitably-saled Gaussian Ng(E) = (3/π)
1/2W−1 exp [−3(E/W )2], orresponding to a
hyperubi lattie in innite dimensions, M(E) beomes Mg = (a
2W 2/6)Ng(E). However
if Nc(E) is replaed by the ellipti density of states N0(E) it beomes M0(E) = [a
2(W 2 −
E2)/3]N0(E). We refer to previous treatments of the M(E) fator in σ when we disuss
the optial ondutivity in setion 8.3.2.
Sine it is onvenient to use N0(ǫ) to alulate the Green funtion and self-energy, as
in the previous setion, it is reasonable to evaluate σ using equation (4.19) with M(E) =
M0(E). Edwards et. al. [74℄ took the strong-oupling limit J → ∞ for simpliity and
the results for the resistivity ρ = σ−1 are plotted against band-lling n for various S in
gure 12. The lattie onstant was taken as a = 5 Å whih is omparable with the MnMn
spaing in manganites. For J = ∞ the band-width W is the only energy-sale and, sine
the integral in equation (4.19) is dimensionless when a fator a2 is taken out, ρ does not
depend on W . In fat in the DE regime JS & 2W the resistivity is almost independent
of both J and W . It is seen in gure 12 that ρ diverges orretly at n = 0, owing to
the absene of arriers, and at n = 1 where the system beomes a Mott insulator. Well
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away from these insulating limits ρ does not depend strongly on S, so that quantum spin
eets are not very important. Furthermore ρ ≈ 1 mΩm over a wide range of band-
lling, whih is muh smaller than observed in some manganites above TC, for example
in LCMO (see gure 5). This agrees with the onlusion of Millis et. al. [87℄ that the
DE model, with eletrons sattered purely by disordered loal spins, annot desribe the
physis of the manganites ompletely. Early work by Furukawa [83℄ seemed to point to
another onlusion, although the DMFT is equivalent to the CPA approah. Edwards
et. al. [74℄ showed that the onfusion arose from Furukawa's use of a onvenient, but rather
unreasonable, Lorentzian density of states. This makes the alulation of AE(µ) very
simple and Furukawa eetively took M(E) in equation (4.19) to be Lorentzian also. In
later work Furukawa [61℄ used the ellipti band. Results of suh alulations for the limit
J →∞ are shown in gure 13 and it is remarkable that ρ is at least an order of magnitude
larger than one nds in gure 12 for the more reasonable ellipti band.
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Figure 12: The zero eld paramagneti state resistivity ρ = σ−1 versus band-lling n
for the double-exhange model from referene [74℄. Here J = ∞, a = 5 Å, and S =
1/2, 1, 3/2, 2, 5/2 and∞, ρ inreasing with S. The elliptial density of states and formula
(4.19) with M(E) ≡M0(E) are used (from referene [74℄).
4.4 Magnetism in the DE model
As disussed at the beginning of setion 4.2, the full equation of motion approah to many-
body CPA is required to determine magneti properties suh as spin suseptibility χ and
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Figure 13: As in gure 12 but using a Lorentzian density of states and formula (4.19) with
M(E) = (W 2a2/6π)(E2 +W 2)−1. (from referene [74℄)
Curie temperature TC. In referene [74℄ this involved a hierarhy of Green funtions satis-
fying 4S+1 oupled algebrai equations for loal spin S; only the S = 1/2 ase was briey
disussed. In referene [75℄ a major simpliation was ahieved by introduing generating
Green funtions whih generate all the required Green funtions by dierentiation with
respet to a parameter. The oupled equations are then replaed by a single rst-order
linear dierential equation, the parameter being the independent variable, whose analyti
solution yields the required CPA equations for the Green funtions. The lassial limit
S = ∞ an then be taken and for J = ∞ the equations oinide with those of DMFT,
whih are only obtainable in the lassial limit. The many-body CPA is therefore an an-
alyti approximation to DMFT for arbitrary quantum spin S whih beomes exat for
S = ∞. The many-body CPA also oinides with Kubo's [86℄ one-eletron CPA in the
limit n→ 0 where that is valid.
To determine the magneti properties one problem remains; the CPA and DMFT equa-
tions ontain one set of orrelation funtions 〈(Sz)m〉 whih annot be obtained diretly
from the Green funtions. There is an indiret proedure for determining these orrelation
funtions within CPA but it proves to be unsatisfatory, never yielding ferromagneti solu-
tions. However, for S =∞, DMFT provides a way to alulate the probability distribution
funtion P (Sz), and hene 〈(Sz)m〉, and Green and Edwards [75℄ used an empirial exten-
sion of this for nite S. This extension guarantees that the spin suseptibility exhibits
the orret Curie laws for band oupations n = 0 and n = 1. Thus for n = 0 we have
a Curie law over the whole temperature range, orresponding to N independent spins S.
31
For n = 1, with J = ∞, we have independent spins S + 1
2
. For 0 < n < 1 we nd a nite
Curie temperature TC and some results [75℄ are shown in gure 14. In gure 14(a) TC is
plotted as a funtion of n for various S with J = ∞, using the ellipti band. Clearly for
nite S ferromagnetism is more stable for n > 0.5 than for n < 0.5, in agreement with the
ndings of Brunton and Edwards [63℄. For S = ∞ the result agrees losely with that of
Furukawa [61℄. In gure 14(b) we see the eet on TC for S = 1/2 of hanging the bare
band-shape from ellipti to simple ubi tight-binding. A dip in TC ours around n = 0.3
whih is the region where the ground state of the simple ubi DE model with S = 1/2 is
rigorously not one of omplete spin alignment [63℄.
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Figure 14: The Curie temperature kBTC/W of the double-exhange model versus band-
lling n for various S, alulated with J = ∞ using the ellipti band (a); the eet on
TC for S = 1/2 of hanging the ellipti band to the density of states for a simple ubi
tight-binding band with nearest neighbour hopping (b). (from referene [75℄)
5 The metal-insulator transition
In setion 1 we pointed out the wide range of behaviour in manganites. LSMO with x ≈ 0.3
has a metal-poor metal transition at TC, whereas in LCMO the resistivity ρ(T ) dereases
with rising temperature above TC (see gure 5). Moreover the resistivity near TC is an
order of magnitude larger in LCMO than in LSMO. This behaviour of LCMO, and many
other manganites, is haraterized as a metal-insulator (MI) transition. Furukawa has
pointed out that the ontrasting behaviour of LSMO is quite well desribed by the DE
model . Furukawa's ρ(T ) urve (gure 9 of referene [61℄) is similar to that of gure 21
in this paper, whih orresponds to weak eletron-phonon oupling i.e. essentially to the
pure DE model. A entral problem in the theory of the manganites is to explain the
origin of the MI transition in systems like LCMO and to explain why it does not our in
LSMO. Clearly the pure DE model is insuient, as rst emphasized by Millis et. al. [87℄.
However a ommon element of many theories of the MI transition is the narrowing of
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the band in the paramagneti state above TC due to the DE mehanism. This narrowing
of the band enourages any tendeny to loalize the eletrons and produe insulating
behaviour. However theories dier greatly as to what atually drives the loalization.
Millis et. al. [87, 88℄ and Röder et. al. [89℄ propose that the driving fore is strong eletron-
phonon oupling assoiated with the dynami Jahn-Teller eet. On the other hand Varma
[90℄ and Müller-Hartmann and Dagotto [91℄ proposed that loalization ould our due to
a ombination of magneti disorder and non-magneti A-site disorder. Nagaev's theory
[8, 92℄ is also based on A-site disorder while Furukawa [61℄ argues in favour of phase
separation models of LCMO with, for example, ferromagneti and harge-ordered regions.
We begin with a disussion of models based on disorder.
5.1 The role of disorder
Sheng et. al. [93℄ pursued a line similar to Varma's [90℄. They studied loalization due to
both non-magneti randomness and the o-diagonal disorder assoiated with the lassial
spin DE model. As mentioned in setion 3.1, the eetive hopping integral is tij cos(θij/2)
where the angle θij between neighbouring spins varies randomly in the paramagneti state.
Sheng et. al. showed using saling theory that this o-diagonal disorder alone an only loal-
ize a small fration of eletron states lose to the band edges but fails to ause loalization
of the eletron states at the Fermi level for the ferromagneti regime with x = 0.20.5.
Li et. al. [94℄ ame to a similar onlusion using a transfer-matrix method. This is an
important result beause loal approximations suh as DMFT and CPA are not able to
detet loalization. Both groups further showed that to obtain a MI transition between the
ferromagneti and paramagneti state, by means of the mobility edge moving through the
Fermi level on introduing the o-diagonal disorder of the paramagneti state, one needs
large diagonal disorder with random site energies in the range (−W,W ). Here 2W is the
bandwidth in the ferromagneti state and W ∼ 1 eV typially. The random energies at
Mn sites in La1−xCaxMnO3, say, arise from varying loal environments of La
3+
and Ca2+
ions. Negleting metalli sreening, the hange in potential at a Mn site due to hanging
the harge on one of the neighbouring A sites by e is about 0.4 eV, assuming a loal di-
eletri onstant of 10. Pikett and Singh [35℄ dedue from a band alulation on ordered
La2/3Ca1/3MnO3 that in the disordered ase Mn site energies have a Gaussian-like distri-
bution with full width at half maximum equal to 0.6 eV. This is muh less than 2W so the
ondition for a MI transition is not fullled. Smolyaninova et. al. [95℄ searhed for sal-
ing behaviour of their resistivity measurements on La0.67Ca0.33MnO3 and Nd0.7Sr0.3MnO3
thin lms; they onluded their results were inompatible with an Anderson loalization
transition.
Nagaev's [8, 92℄ theory is rather dierent. He assumes the harge arriers are holes in the
O p band so that DE does not apply. His idea relies on the fat that a harge disturbane in
a metalli ferromagnet produes a magneti response extending over a magneti orrelation
length ξ. In a state of omplete spin alignment at T = 0, ξ is essentially the lattie spaing
but ξ diverges at TC. Nagaev therefore proposes that A-site disorder leads to extensive
stati variation in the exhange potential whih ould loalize arriers, partiularly for
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T ≈ TC. An applied magneti eld redues ξ and will lower the resistane as required
for the CMR eet. Unfortunately, no quantitative work seems to have been done on the
model whih makes it diult to asses.
Diagonal disorder in the DE model with lassial or Ising loal spins has also been
treated using CPA [96℄ or DMFT [97, 98℄. Within these loal approximations loalization
does not our and the only possibility of a MI transition is for a gap to open in the
density of states at the Fermi level. A random site potential is onsidered, within a one-
band model, whih takes the value∆/2 on a fration x of the sites, and −∆/2 on the others.
The idea is that for a suitable ∆ a gap will open as the band narrows in the paramagneti
state. These models are faed with several problems. A more Gaussian-like distribution of
site energies, as appropriate on Mn sites due to A-site disorder, would not produe a gap
and, even with the binary distribution, one requires ∆ ≈ W , the half band-width, whih
is unrealistially large. Another diulty is the position of the gap relative to the Fermi
level. The band whih should be split by disorder is the lowest one in the density of states
shown in gure 11. In the ase of lassial or Ising loal spins the total weight in this band
is one state per site (inluding both spins) and, when split by disorder, the weight below
the gap is 1−x. The gap is therefore positioned at the Fermi level as required for n = 1−x.
However for quantum spins S it is lear from setion 4.2 that the orresponding weight
is (1 − x)(2S + 2 − n)/(2S + 1); thus the eletron density n would have to be assigned
arbitrarily a strange dependene on x, n = 5(1−x)/(5−x) for S = 3/2, to plae the Fermi
level in the gap.
The onlusion of this setion is that disorder alone annot aount for the MI tran-
sition in manganites with x ≈ 0.3. The eet of A-site disorder is suiently weak for a
virtual rystal approximation to be a reasonable starting-point for onsidering the eets
of eletron-phonon oupling. Of ourse if this oupling is so strong that narrow polaron
bands appear then disorder will beome important [94℄. We disuss this in setion 7.
5.2 Eletron-phonon oupling
For suiently strong oupling to loal phonon modes an eletron produes a strong distor-
tion of the lattie in its immediate neighbourhood. This distortion moves with the eletron
and the whole struture is alled a small polaron. At low temperatures the small polaron
oupies a narrow band of oherent Bloh-like states whih narrows even further as the
temperature rises. At high temperatures, typially larger than that orresponding to half
the phonon energy, the polaron moves diusively with an ativation energy (see e.g. [99℄).
A ondition for small polarons to exist is Ep > Wz
−1/2
[100℄, where Ep is the polaron
binding energy, W is the half-width of the bare eletron band and z is the oordination
number of the lattie. The idea proposed by Millis et. al. [87℄ is that as the band narrows on
passing into the paramagneti state, by the DE eet, this riterion just beomes satised.
Thus in the low-temperature ferromagneti state, where the riterion is not satised, the
system is metalli and eletron-phonon interation merely produes a small enhanement of
the quasi-partile mass; the quasi-partiles in this Fermi-liquid are sometimes alled large
polarons. As TC is approahed small polarons are formed and their motion is governed
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by an ativation energy related to Ep. This piture of the MI transition was developed
in dierent ways by Millis et. al. [88℄ and Röder et. al. [89℄. Millis et. al. used DMFT
and treated the phonons lassially, whereas Röder et. al. used the quantum-mehanial
approah of small-polaron theory. This approah is disussed further in setion 7.
The eletrons may ouple to dierent loal phonon modes, whih may have the Q1, Q2,
Q3 symmetries shown in gure 1. The breathing mode Q1 is the simplest but the Q2 JT
mode is usually regarded as the most important and was emphasized by Millis et. al. [87℄.
To desribe the JT oupling properly one should onsider a two-band model with the orret
eg symmetry. This was done by Millis et. al. [88℄ and Zang et. al. [101℄. Röder et. al. [89℄
and Zang et. al. [101℄ treat DE in a simple mean-eld way, by means of a band-narrowing,
but avoid double oupation of sites by eetively using spinless eletrons. Millis et. al. [88℄
treat the Hund's rule oupling J but in a two-band model large J no longer produes a
Mott insulator for n = 1, as it does in the one-band model. It is therefore neessary to
introdue on-site Coulomb interation [102, 103℄. Millis et. al. [88℄ do not do this so that
for n = 1, whih should orrespond to the undoped insulator, they have a metal. Also,
for weak eletron-phonon interation, they nd TC is largest for this value of n. This
ontrasts strongly with gure 14 where, in the one-band DE model, TC = 0 at n = 0 and
1 and has a maximum in between. Held and Vollhardt [103℄, using DMFT, obtain very
similar results to those of gure 14 for S = ∞ in a two-band model with strong on-site
Coulomb interation inluded. However the values for TC are about twie those in gure 14.
Nevertheless, if on-site Coulomb interation is negleted for simpliity, it is sensible to use
a one-band model to desribe the manganites. In fat Green [42℄ developed the theory of
suh a model (the Holstein-DE model) in whih eletrons ouple to quantum spins and
quantum phonons. He used the many-body CPA method [74, 75℄ whih was disussed
in setion 4. In the limit of lassial spins and phonons this method is equivalent to the
DMFT of Millis et. al. [88℄. Green's work therefore bridges the gap between this lassial
phonon treatment and the polaron theories. We therefore desribe it in some detail in the
next setion. Comparison between theory and experiment indiates that eletron-phonon
oupling in the manganites is just in the intermediate regime where small-polarons are on
the verge of forming. At present the many-body CPA is the only theoretial method whih
an deal satisfatory with this ross-over regime and in setion 8 we show how it an be
used to tie together experimental data using many dierent tehniques.
6 The many-body CPA for the Holstein-DE model
This setion is based on Green's [42℄ reent study of the Holstein-DE model in whih the
eletrons of the DE model ouple to loal phonons as in the Holstein treatment of small
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polarons [104, 105℄. The Hamiltonian is
H =
∑
ijσ
tijc
†
iσcjσ − J
∑
i
Si · σi − h
∑
i
(Szi + σ
z
i )
− g
∑
i
ni
(
b†i + bi
)
+ ω
∑
i
b†ibi .
(6.1)
The rst three terms onstitute the DE Hamiltonian of equation (3.1) while the rst, fourth
and fth terms form the Holstein model. Einstein phonons on site i, with energy ω and
reation operator b†i , ouple to the eletron oupation number ni =
∑
σ niσ with oupling
strength g. The eletron-phonon oupling is of the form −g′∑i nixi, where xi is the
displaement of a shell of atoms surrounding site i, and in appliation to the manganites it
may be regarded as an eetive Jahn-Teller oupling. Previous studies of this model have
either onentrated on oherent polaron bands, like Röder et. al. [89℄, or have treated the
phonons lassially [88℄ so that there are no polaron bands at all. The many-body CPA
approah is able to enompass both aspets and to desribe the rossover from quantum
polarons to the lassial piture as temperature and/or model parameters are varied. The
relationship to previous theoretial work and to experimental studies of the manganites is
disussed fully in setion 8. However we mention briey below some related work on the
pure Holstein model, without oupling to loal spins.
Sumi onsidered the Holstein model with one eletron in the band, rst treating the
phonons lassially [106℄ and later quantum mehanially [107℄. The lassial ase, with
frozen displaements xi, orresponds to a multiomponent alloy for whih CPA is the best
loal approximation. In his dynamial CPA treatment of quantum phonons, Sumi [107℄
treated the one-site dynamis orretly and his work is ompletely equivalent to the more
reent DMFT treatment of Ciuhi et. al. [108℄. As a general rule dynamial CPA and
DMFT are the same for one-eletron problems. DMFT is the orret extension of CPA
to the many-body problem of nite eletron density but for the Holstein model, as for
the DE model, it annot be arried through analytially in the quantum ase. Numerial
work [109℄ applying DMFT to the Holstein model has been aimed mostly at understanding
superonduting transition temperatures and harge-density-wave instabilities rather than
the polaron physis with whih we are mainly onerned. An unfortunate feature of the
Holstein model for spin 1/2 eletrons is that in a quantum treatment the true ground
state for strong eletron-phonon oupling onsists of unphysial singlet bipolarons with
two eletrons bound on the same site. This problem does not our in the one-band
Holstein-DE model sine strong oupling J to loal spins prevents double oupation of
sites, as pointed out earlier. It is also bypassed if the phonons are treated lassially, as
in the work of Millis et. al. [110℄ on the Holstein model. The Holstein model is more
ompliated than the DE model and it turns out that Green's many-body CPA no longer
redues to the orret one-eletron dynamial CPA/DMFT [107, 108℄ as band-lling n→ 0.
Although orret in the atomi limit tij = 0, the theory is learly ruder for the Holstein
and Holstein-DE model than for the pure DE model.
We start by deriving the Green funtion for the Holstein-DE model in the atomi limit.
The Hamiltonian HAL in this limit is given by equation (6.1) with the rst term omitted
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and with site indies and summation suppressed. We remove the eletron-phonon oupling
by the standard anonial transformation [99℄ H˜ = esHALe
−s
where s = −(g/ω)n(b† − b).
Under this transformation b→ b+ (g/ω)n and the Hamiltonian separates into a fermioni
and bosoni omponent:
H˜ = Hf +Hb (6.2)
Hf = −JS · σ − h (Sz + σz)−
(
g2/ω
)
n2 , Hb = ωb
†b . (6.3)
The transformation orresponds to a displaement of the equilibrium position of the phonon
harmoni osillator in the presene of an eletron and the downward energy shift g2/ω is a
polaron binding energy whih we write as λω, where λ = g2/ω2. If two eletrons oupy the
site (n = 2), whih will not our for large J , the energy shift beomes 4g2/ω2 orresponding
to an on-site bipolaron. Writing out expliitly the thermal average in the denition of the
one-partile retarded Green funtion we have
GALσ (t) = −iθ(t)
〈[
cσ(t), c
†
σ
]
+
〉
= −iθ(t)
Tr
{
e−βHAL
[
cσ(t), c
†
σ
]
+
}
Tr {e−βHAL} (6.4)
and the anonial transformation introdued above an be arried out within the traes,
using the property of yli invariane. Thus HAL → H˜ , c†σ → X†c†σ and cσ(t) beomes
eiH˜tXcσe
−iH˜t
(6.5)
where X = exp
[
g(b† − b)/ω]. Using equation (6.2), we an write the traes in equa-
tion (6.4) as produts of fermioni and bosoni traes. Hene we nd
GALσ (t) = −iθ(t)
{〈
cσ(t)c
†
σ
〉
f
F (t) +
〈
c†σcσ(t)
〉
f
F ∗(t)
}
(6.6)
where F (t) = 〈X(t)X†〉b and the thermal averages 〈 〉f , 〈 〉b orrespond to the systems
with Hamiltonians Hf and Hb respetively. It may be shown [99℄ that
F (t) = e−λ(2b+1) exp
{
2λ [b(b+ 1)]1/2 cos [ω(t+ iβ/2)]
}
(6.7)
where b = b(ω) =
(
eβω − 1)−1 is the Bose funtion with β = (kBT )−1. The last fator is of
the form exp (z cosφ) whih generates the modied Bessel funtions Ir(z):
exp (z cos φ) =
∞∑
r=−∞
Ir(z)e
irφ . (6.8)
To evaluate the fermioni averages we onsider for simpliity the limit J →∞ in zero eld
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Figure 15: One-eletron spetra of the Holstein-DE model in the atomi limit at zero and
very high temperature. They onsist of delta-funtions, with energy spaing ω, whose
strength is indiated by the envelope urves. The plots are for the paramagneti state with
S = J = ∞, h = 0, n = 0.5, ω/W = 0.05 and g/W = 0.18, where W is a unit of energy
later to be identied with the half-width of the eletron band in the full Hamiltonian [42℄.
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(h = 0). Then the last term in Hf may be written −(g2/ω)n, sine n = 0 or 1 only, and
this may be absorbed into the hemial potential whih is nally determined to give the
orret number of eletrons n per atom. Thus Hf is just the DE Hamiltonian in the atomi
limit and the sum of the two fermioni averages orresponds to the funtion GAL(t) whose
Fourier transform is given by equation (4.14). It is easy to see that the rst and seond
thermal averages in equation (6.6) take onstant values (1 − n)(S + 1)/(2S + 1) and n/2
respetively. Hene, from equations (6.6)-(6.8), we obtain the Fourier transform of GAL,
with J →∞ and h = 0, in the form
GAL(ǫ) =
∞∑
r=−∞
Ir{2λ [b(ω)(b(ω) + 1)]1/2}
(2S + 1) exp{λ [2b(ω) + 1]}
(2S + 1)n
2
erβω/2 + (S + 1)(1− n)e−rβω/2
ǫ+ rω
.
(6.9)
The density of states −π−1Im GAL(ǫ) is shown in gure 15 for the lassial spin limit
S → ∞ at quarter-lling n = 0.5. It onsists of delta-funtion peaks separated in energy
by ω and the envelope urves show the weight distribution at low and high temperature.
W is an energy unit whih, when we go beyond the atomi limit, will be the half-width
of the itinerant eletron band, as usual. The values adopted for the parameters ω/W and
g/W relate to the manganites, as disussed in setion 8. The symmetry of the spetrum
about zero energy is due to the hoie of lling n = 0.5; in general at T = 0 the lower and
upper `bands' have weights n and 1 − n respetively. By ounting weights it may be seen
that for any n the hemial potential lies in the peak at ǫ = 0, whih has very small weight
e−λ/2 per spin. The shape of the envelope funtion at T = 0, with two maxima and very
small values at the entre of the pseudogap between them, may be understood physially
as follows. The delta-funtion at ǫ = rω (r ≥ 0) orresponds to an exitation from the
ground state, with no eletron and the undisplaed osillator in its ground state, to a state
with one eletron and the displaed osillator in its rth exited state. The strength of the
delta-funtion depends on the square of the overlap integral between the displaed and
undisplaed osillator wave funtions. Clearly this is very small for r = 0 and goes through
a maximum with inreasing r as the normalized displaed wave funtion spreads out. At
T = 0 it is easily seen from equation (6.9), using Ir(z) ∼ (z/2)|r|/|r|! for small z, that the
weight of the delta-funtions at ǫ = ±rω is proportional to λr/r! . Hene the maxima in
the envelope urve our at ǫ ≈ ±λω, whih is the polaron binding energy.
We now turn to the Holstein-DE model with nite band-width. As for the DE model
it is neessary to use the full equation of motion method to derive the many-body CPA
in the presene of a magneti eld and/or magneti order [42℄. In the present ase it is
very diult to determine self-onsistently all the expetation values whih appear. Green
therefore approximated them by their values in the atomi limit. It then turns out that in
the zero eld paramagneti state, for J = ∞ and with the ellipti band, the CPA Green
funtion G again satises equation (4.12), with GAL now given by equation (6.9).
The densities of states alulated for T = 0 using equations (6.9) and (4.12) with
S = ∞, n = 0.5, ω/W = 0.05 and various values of g/W are shown in gure 16. Apart
from laking the perfet symmetry about the hemial potential µ = 0 the results are
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qualitatively similar for other values of n not too lose to 0 or 1. For g = 0 we reover
the ellipti band with half-width W/
√
2 as for the DE model with J = ∞, S = ∞.
As g inreases the density of states broadens and small subbands are split o from the
band edges. As g inreases further a pseudogap develops near the hemial potential. At
a ritial value g = gc a gap appears whih ontains a small polaron band around the
hemial potential. Inreasing g further auses more bands to be formed in the gap, with
weights similar to those of the relevant atomi limit. It should be pointed out that the
paramagneti state onsidered here at T = 0 is not the atual ground state, whih is
ferromagneti. We disuss the magneti state later. The eet of inreasing temperature
on the density of states in the gap region is shown in gure 17 for g = 0.18W > gc. With
inreasing T the polaron bands grow rapidly and eventually merge to ll the gap.
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Figure 16: The one-eletron density of states (DOS) for the Holstein-DE model with half-
bandwidth W , for the hypothetial paramagneti state at T = 0, with various strengths of
eletron-phonon oupling g/W . Other parameters as in gure 15 [42℄.
It is important to ompare these results with the standard small polaron theory de-
veloped by Holstein [104, 105℄. Holstein distinguished between `diagonal transitions', in
whih the number of phonons is unhanged as the eletron moves from site to site, and
`nondiagonal transitions' in whih phonon oupation numbers hange. The former give
rise to a oherent Bloh-like polaron band of half-width W e−λ(2b+1) whih dereases with
inreasing temperature. The nondiagonal transitions are inelasti proesses whih destroy
phase oherene and the polaron moves by diusive hopping. The hopping probability
inreases with temperature so that polaron motion rosses over from oherent Bloh-like
at T = 0 to diusive hopping as kBT approahes the phonon energy ω. The paramagneti
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Figure 17: Evolution with temperature β = (kBT )
−1
of the polaron subbands in the
pseudogap around the hemial potential µ = 0 for g/W = 0.18. These subbands at T = 0
an just be seen in gure 16 [42℄. All parameters as in gure 15.
state of the Holstein-DE model diers from this standard piture in one important respet.
There are no well-dened Bloh states, owing to strong sattering by the disordered loal
spins, so no oherent polaron band will form. This is fortunate beause the CPA treat-
ment of eletron-phonon sattering will never lead to oherent states of innite lifetime
at the Fermi surfae at T = 0. However in the presene of strong spin disorder it should
be satisfatory. We interpret the entral band around the hemial potential in gure 17
as an inoherent polaron band whose inreasing width as the temperature rises is due to
life-time broadening of the atomi level. The life-time dereases as the hopping probability
inreases with rising temperature.
To substantiate this piture we study the entral polaron band in the limit of very
strong eletron-phonon oupling. In this limit it an be shown that we need retain only
the r = 0 term in equation (6.9) and it is then easy to solve equation (4.12) for G. The
result is of the same form as equation (4.15) but with
D2 =
1
2
W 2e−λ(2b+1)I0
(
2λ [b(b+ 1)]1/2
)
(6.10)
and α2 = D2/W 2 in the ase S = ∞. The entral band is thus elliptial with half-width
D and weight D2/W 2. It is now easy to alulate the ondutivity σ from equation (4.18)
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and, using D2 ≪W 2, we nd
σ =
πe2
6~a
D2
W 2
≈ πe
2
12~a
(
βω
4πλ
)1/2
e−βλω/4 . (6.11)
The last step follows by using the asymptoti forms for strong oupling and high tem-
perature I0(z) ∼ (2πz)−1/2 exp z and b ∼ (βω)−1. This form of σ is similar to that for
small polaron hopping ondution in the adiabati limit (W ≫ ω) [111℄ but with ativa-
tion energy λω/4 equal to one quarter, instead of one half, of the polaron binding energy.
Nevertheless this establishes the link between the many-body CPA and standard small
polaron theory in the strong oupling limit. However the results shown in gure 17, with
parameters relevant to typial manganites, are far from this limit. They orrespond to
intermediate oupling and in the atual paramagneti state above the Curie temperature
the polaron bands are largely washed out. In this regime, with inreasing temperature,
there is a rossover from polaroni behaviour to a situation where the phonons behave
lassially, the ase onsidered by Millis et. al. [88℄. For eletron-phonon oupling greater
than a ritial value these authors nd a gap in the density of states whih gradually lls
with inreasing temperature. However in their lassial treatment there are no polaron
bands in the gap so that the link with standard polaron physis is not established.
Apart from the symmetry about ǫ = 0 the above results for n = 0.5 are not untypial
of the general ase. For general n the main lower and upper bands, separated by a gap
for g > gc, have approximate weights n and 1− n respetively. The hemial potential at
T = 0 is always onned to the polaron band arising from the r = 0 term of equation (6.9),
and moves from the bottom at n = 0 to the top at n = 1, so that we orretly have an
insulator in these limits.
To alulate the Curie temperature TC we need the full CPA theory ombined with an
exat result of DMFT for S = ∞ [42℄. Results on TC for the same parameters as before
are plotted as funtions of eletron-phonon oupling g in gure 18. The suppression of
TC with inreasing g was rst noted by Röder et. al. [89℄ and the CPA results are quite
similar to those of Millis et. al. [88℄. In CPA there is no reliable means of alulating the
probability distribution funtion P (Sz), so to go below TC Green [42℄ used the mean-eld
approximation for the ferromagneti Heisenberg model with lassial spins and nearest
neighbour exhange. The exhange onstant is determined by TC. We plot the up- and
down-spin density of states for T = 0.005W/kB ≪ TC and g = 0.16W > gc in gure 19,
also showing urves for the saturated ferromagneti state and paramagneti state at T = 0
for omparison. The value g = 0.16W is loser to gc than the value of 0.18W used in
gures 16 and 17 and we disuss these results in relation to the manganites in setion 8. In
gure 20 the resistivity ρ is plotted as a funtion of temperature, for the same parameter
set, with dierent applied elds h. The resistivity peaks sharply at TC, and for omparison
we show results for weaker eletron-phonon oupling g/W = 0.10 in gure 21. The urve in
gure 21 is almost indistinguishable from that of gure 7 in referene [42℄ for g/W = 0.01.
This is not surprising sine we see from gures 16 and 18 of this paper that the density of
states and TC hange very little between g/W = 0 and g/W = 0.1. These results are all
disussed further in setion 8.
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Figure 18: Suppression of the Curie temperature of the Holstein-DE model with inreasing
eletron-phonon oupling g/W . The plot is for S = J = ∞, h = 0, n = 0.5 and ω/W =
0.05 [42℄.
7 Polarons and bipolarons
Muh experimental data on the manganites in both the paramagneti and ferromagneti
state is interpreted in terms of the standard Holstein small-polaron theory [104, 105, 99℄.
However there are usually diulties in nding parameters whih are both plausible and
apable of explaining data from more than one type of measurement. This is not surprising
in view of the onlusions of the last setion, namely that many manganites are only just at
the threshold of small-polaron formation even in the paramagneti state. This means that
one is still far from the strong oupling limit where standard theory applies. Let us review
some of the problems in applying the standard theory, starting with the low temperature
state.
The width of the oherent polaron band at T = 0 is redued from the bare band-width
by a fator e−Ep/ω, where Ep is the polaron binding energy (g
2/ω in the notation of the last
setion) and ω is the phonon energy. For the typial values Ep = 0.5 eV, ω = 0.05 eV this
fator is less than 10−4. The polaron band is so narrow that any disorder in the system will
produe Anderson loalization and a metalli state is impossible. To avoid this problem,
by reduing the narrowing fator to 10−1 say, one requires Ep/ω ≈ 2 so that Ep ≈ 0.1 eV.
But then the ondition for small-polaron formation Ep > Wz
− 1
2
, where W is half the bare
band-width and z is the number of nearest neighbours [100℄, is far from being met. Even a
band-narrowing fator of 0.1 is too muh to be ompatible with heat apaity measurements
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Figure 19: The up- and down-spin density of states of the Holstein-DE model with g/W =
0.16 for kBT = 0.005W ≪ kBTC where 〈Sz〉 = 0.915. Also shown are the DOS for the
saturated ferromagneti state at T = 0 and for the hypothetial paramagneti state at
T = 0. All plots are for S = J =∞, h = 0, n = 0.5, ω/W = 0.05 and g/W = 0.16 [42℄.
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Figure 20: Resistivity ρ versus temperature for the Holstein-DE model with S = J = ∞,
n = 0.5, ω/W = 0.05, intermediate oupling g/W = 0.16 and various applied elds h.
The lattie onstant is taken as a = 5 Å, slightly larger than the MnMn spaing in the
manganites [42℄.
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Figure 21: The same plot as gure 20 but for weak eletron-phonon oupling g/W = 0.10.
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[1℄; the term linear in T at low temperatures indiates a quasi-partile density of states
not muh larger than that given by band alulations.
To examine the high temperature state one must onsider the adiabati limit (hopping
integral > phonon energy). Worledge et. al. [112℄ used the result of Emin and Holstein
[111℄ for the ondutivity in this limit, σ = (A/T ) exp(−Ea/kBT ), to obtain exellent ts to
their data on La1−xCaxMnO3 lms for T = 3001200 K over the whole range of x. However
for x = 0.3 the ativation energy Ea ≈ 0.08 eV whih is the same as in Nd0.7Sr0.3MnO3
lms [113℄; aording to the theory this should be about Ep/2 whih makes Ep too small
for onsisteny with small-polaron formation. Also aording to small-polaron theory [99℄
the optial ondutivity peaks at phonon energy 2Ep ≈ 4Ea; almost universally this peak
in the paramagneti state of pseudo-ubi manganites is observed at about 1 eV [50℄ whih
is therefore inonsistent with Ea ≈ 0.08 eV. This problem does not our in the many-body
CPA alulations where Ea and the optial ondutivity peak are both given orretly for
one set of parameters [43℄ (see setion 8.3.2).
Alexandrov and Bratkovsky (AB) [114, 115, 116℄ have reently proposed a new polaroni
theory of the manganites, inluding CMR. It is based on an extended Holstein model [117℄
in an attempt to avoid some of the diulties disussed above. AB assume the O p-hole
model of the manganite eletroni struture so that DE does not ome into play. The
antiferromagneti interation between the loal Mn spins S = 2 and the arriers is then
assumed weak enough to treat within mean eld theory. It is supposed that small polarons
are the arriers in the ferromagneti state, but near TC they mostly ombine to form
immobile singlet, and possibly triplet, bipolarons. This leads to the rapid rise in resistivity
near TC; it falls slowly above TC as the bipolarons dissoiate thermally. It is neessary
to assume that it is not favourable for polarons in the ferromagneti state to ombine
as triplet bipolarons. AB propose that this is beause the immobility of the bipolarons
suppresses their exhange interation with the loal spins. The two holes in the bipolarons
are supposed to reside on nearest neighbour oxygen sites. An applied magneti eld tends
to split up the immobile bipolarons and redue the resistivity; this is the CMR eet.
To avoid the problem of very narrow polaron bands at T = 0 Alexandrov and Ko-
rnilovih [117℄ introdued an extended Holstein model (EHM) in whih the interation
between an eletron on site i and a loal phonon at site j is long range, orresponding to
the eet of unsreened Coulomb interations. This may also be regarded as an extension
of the Fröhlih dieletri ontinuum model [118℄ to a disrete lattie. The model has also
been studied by Fehske et. al. [119℄. They stress that the EHM polaron is a large polaron
in the whole eletron-phonon oupling range. That is the lattie distortion is spread over
large distanes even if the oupling is strong, a regime where a small polaron is formed
in the Holstein model. Alexandrov and Kornilovih desribe a `small' Fröhlih polaron,
with a large size lattie distortion but an eletroni wave funtion of small radius. It is
unlear how these two length sales an be distinguished [119℄ unless the eletron is tightly
bound to a defet. The main point is that the EHM polaron band is muh less narrow
than the small Holstein polaron band with the same binding energy. This is beause the
lattie distortion undergoes smaller relative hanges as the eletron moves from site to site.
AB [116℄ also nd that the peak energy in optial ondutivity is 2γEp, with γ ≈ 0.20.4,
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and Ea = γEp/2. The low observed ativation energy disussed above an therefore be
aommodated but, in a theory involving single polarons only, the inonsisteny with the
energy of the peak in optial ondutivity above TC would persist. However, aording to
AB, this peak above TC is assoiated with splitting up a bipolaron, whih requires a larger
energy than 2γEp. The theory is therefore onsistent with the observed shift of optial
ondutivity towards higher energy on going from the ferromagneti to the paramagneti
state. This is disussed again in setion 8.3.2.
AB's theory presents ertain problems. First, the model based on O p-hole ondution
is open to onsiderable doubt, as disussed in setion 2. Seondly, it is unlear why, in a
x = 0.3 metalli manganite with residual resistivity less than 0.1 mΩm , the long-range
Fröhlih interation is not sreened. Chakraverty et. al. [120, 121℄ argue that it will be
redued to a loal Holstein interation. Also the small enhanement of the quasi-partile
density of states at the Fermi level, as dedued from the spei heat, is hardly ompatible
with a polaroni band at T = 0. Zhao et. al. [122℄ argue for small-polaron metalli
ondution in the ferromagneti state of LCMO on the basis of tting their measured
resistivity ρ(T ) below 100 K to the theoretial preditions. From other data they infer
mass enhanements of 9 and 35 in La0.7Ca0.3MnO3 and Nd0.7Sr0.3MnO3 whih, although
small for small polarons, seem too large to be ompatible with spei heat measurements.
Another onsideration is that AB's `small' Fröhlih polaron is really a large polaron. If
a bipolaron an form it will be an extended objet in whih the two arriers are only
onned within the large region of lattie distortion. Nagaev argues strongly against AB's
theory and we refer again to the publi orrespondene [123, 116℄ between him and AB in
setion 8.1.
Röder et. al. [89℄ adopted a dierent method of avoiding the extreme polaroni band-
narrowing eet. They used a variational Lang-Firsov transformation whih ontains
parameters γ and ∆ whose role is to quenh part of the dynamial polaron eet as a
stati distortion. Thus the operator s, introdued just before equation (6.2), beomes
−(g/ω)(γn+∆)(b†− b) and the transformation is applied to every site in the lattie. The
band-narrowing fator is then modied from e−Ep/ω to e−γ
2Ep/ω
and 0 < γ < 1. The main
result is that the TC of the pure DE model is redued by this fator due to eletron-phonon
oupling; the resistivity was not alulated. The most reent work along similar lines is
that of Perroni et. al. [124, 125℄. The DE eet is treated by a simple band-narrowing but
these authors go muh further than Röder et. al. In partiular they alulate a one-eletron
Green funtion whih is quite similar to Green's [42℄ and, like his, yields the orret atomi
limit (equation (6.9)) for the lassial spin ase onsidered. However instead of a smooth
evolution of a pseudogap with inreasing temperature, they nd phase separation above
0.65TC with ferromagneti regions of low eletron density (large polaron behaviour) and
paramagneti insulating regions of high eletron density (loalized small polarons). How-
ever the eet of the nanosale struture of suh regions, enfored by Coulomb interation,
is not onsidered.
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8 Theory and experiment
The experimental evidene and theoretial arguments reviewed in previous setions point
to the Holstein-DE model as a plausible model of the manganites A1−xA
′
xMnO3, at least
for x ≈ 0.33. For this degree of doping with the divalent element A′ one is normally in the
middle of the ferromagneti regime and inhomogeneity due to harge and orbital ordering
is least likely. In order to onfront theory with experiment eetively it is essential to keep
the number of adjustable parameters to a minimum. Ideally one would like to understand
the dierene between materials, as reeted in the results of many dierent types of
experiments, by hanges in one ruial parameter. The many-body CPA approah to the
Holstein-DE model gives us the opportunity to attempt this and from setion 6 it is lear
that the ruial parameter is the eletron-phonon oupling g/W . In this setion we take
xed reasonable values of the parameters ω and W . Band alulations [17, 18℄ suggest
W = 1 eV as an appropriate half-bandwidth for the eg band. Then it is reasonable to
take ω/W = 0.05 to orrespond to the observed transverse opti phonons with ω ≈ 4070
meV whih ouple strongly to the eletrons in LCMO [126℄. It is also reasonable to take
the DE limit J → ∞ [127℄. Furthermore we see from gures 14(a) and 12 that for the
DE model neither TC nor the resistivity ρ vary enormously with S so that S = ∞ is a
onvenient approximation to the S = 3/2 Mn spins. These are the parameters whih have
been used in gures 16 21. The band-lling is also restrited to n = 1 − x = 0.5 rather
than n = 0.60.7. This is very onvenient beause the hemial potential remains xed for
all T by eletron-hole symmetry in the ase S =∞. This will hange the ritial value of
g/W for small polaron formation somewhat but the orret general piture should emerge.
Sine we onsider a homogeneous state we are not onerned with the existene of harge
ordering for x = 0.5. We now ompare the theory with dierent types of experiment.
8.1 Transport properties and Curie temperature
Perhaps the most striking feature of the manganites is the very dierent behaviour observed
in apparently similar materials suh as LSMO and LCMO. For LSMO, with x ≈ 0.33,
TC ≈ 370 K whereas for LCMO, with a similar x, TC ≈ 240K. The dierene in behaviour
of the resistivity ρ above TC is muh more striking (see gures 4 and 5). For LSMO
ρ ≈ 4mΩcm and inreases slowly with temperature as in a poor metal [15℄. The ρ(T )
urve is very similar to that of gure 21 for g/W = 0.1 exept for a muh larger resistivity
at low temperature in the alulations. Sine this feature persists even for g/W = 0.01
(gure 7 in referene [42℄) it presumably arises from overestimated spin disorder sattering
at low temperatures due to use of the lassial spin Heisenberg model to determine P (Sz).
In LCMO the resistivity rises to a maximum at TC of about 40 mΩm and then falls with
inreasing temperature above TC. In ontrast to LSMO there is thus a transition from
metalli to insulating behaviour. Also the resistivity peak is strongly redued and shifted
to higher temperature with inreasing applied magneti eld (gure 5). This is the CMR
eet. This type of behaviour is seen in gure 20 for g/W = 0.16. The derease of ρ with
inreasing temperature above TC is assoiated with the inreasing density of states at the
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Fermi level, as seen in gure 17. The main dierenes between theory and experiment
are a more rapid observed drop in ρ with dereasing temperature below TC and a more
sensitive observed CMR eet. h/W = 0.004 orresponds to a eld of about 20 T for
W = 1 eV and the orresponding redution in ρ in gure 20 is ahieved with a eld of
about 5 T experimentally. Millis et. al. [88℄ noted a similar problem in their work using
lassial phonons. Both of the disrepanies mentioned might be remedied by introduing
a dependene of g on ρ, orresponding to more eient sreening of the eletron-phonon
interation with inreasing density of states. The huge redution in resistivity peak on
reduing g/W from 0.16 to 0.10 shows the extreme sensitivity of ρ to hanges in g. The
main point to notie is that we an understand the enormous dierene between LCMO and
LSMO within the Holstein-DE model by assuming the eletron-phonon oupling hanges
from g/W = 0.16 in LCMO to g/W = 0.10, or slightly greater, in LSMO. The observed
ratio of the Curie temperatures, slightly less than 2, is then in aord with gure 18.
As disussed in setion 6 the ritial oupling gc for the formation of a polaron band is
gc/W ≈ 0.15, with phonon energy ω/W = 0.05, and to obtain the right order of magnitude
for ρ above TC in LCMO, g/W is pinned down losely to 0.16. A larger value for g leads to
too high a resistivity and too low a Curie temperature. It is interesting that neither ρ(T )
nor TC hange when g/W is varied between 0.1 and 0. This means that the resistivity of
LSMO an be desribed quite well by the pure DE model, as stressed by Furukawa [61℄,
but eletron-phonon oupling is not negligible and shows up in the optial ondutivity, for
example, whih we disuss in setion 8.3.2. However, from the results of Millis et. al. [88℄
for lassial phonons, one an understand why a oupling small enough to give a LSMO-
like ρ(T ) urve does not lead to a hange in slope of the rms oxygen displaements, as
a funtion of temperature, at TC. No suh hange is found in LSMO [6℄, in ontrast to
the ase of LCMO [128℄. It is more diult to understand the observation [129℄ of stati
loal Jahn-Teller distortions in LSMO at room temperature, apparently assoiated with
loalized arriers in the presene of metalli ondution.
From gure 16 we see that for g/W = 0.1, appropriate to LSMO, there is no sign of a
pseudogap in the density of states. An atual gap in the hypothetial paramagneti state
at T = 0 appears at g = gc with gc/W between 0.15 and 0.16. From gure 19 we see that
for g/W = 0.16, appropriate to LCMO, a few polaron subbands have appeared in the gap.
These are seen muh more learly in gure 17 for g/W = 0.18 when there is a larger gap.
However the subband struture is washed out ompletely for βW = 25, orresponding to
T = 464 K for W = 1 eV, and this eet will our at a muh lower temperature for
g/W = 0.16. Thus in the atual paramagneti state of LCMO above TC we do not expet
the quantum nature of phonons to manifest itself, so we are essentially in the lassial
regime of Millis et. al. [88℄. The same is true in the saturated ferromagneti state at
T = 0 where only a pseudogap appears in gure 19. As the temperature rises towards
TC a minority spin band grows, also with a pseudogap, while the majority spin band loses
weight. The width of the ferromagneti bands dereases with inreasing temperature,
orresponding to the DE eet, but the narrowing in the paramagneti state is not so
marked as in the pure DE model. Thus double exhange is not so eetive in the presene
of strong eletron-phonon oupling, whih is onsistent with the redution in TC shown in
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gure 18. We disuss this again in setion 8.4 in onnetion with spin-waves.
Clearly the piture of the manganites whih emerges here is lose in spirit to that of
Millis et. al. [88℄, although the relationship to polaron physis is not so lear in their las-
sial approximation. We have desribed earlier how some other authors adopt ompletely
dierent viewpoints. In partiular Nagaev [130℄ argues against any polaroni eets, while
Alexandrov and Bratkovsky [115, 116℄ assume strong eletron-phonon oupling with small
polarons even in the ferromagneti state and with immobile bipolarons forming near TC.
The publi orrespondene [123, 116℄ between Nagaev and Alexandrov and Bratkovsky
(AB) entres on estimating the magnitude of the polaron binding energy Ep and the ri-
terion for small polaron formation [114℄. Sine the piture of LCMO presented here lies
between their extreme views it is interesting to ompare our estimates with theirs. For
LCMO we nd Ep = g
2/ω ≈ 0.5 eV for W = 1 eV whereas, for manganites in gen-
eral, Nagaev estimates Ep ≈ 0.10.3 eV and AB estimate Ep ≈ 1 eV. Our ondition for
small-polaron formation in a paramagneti state at T = 0 is g > gc ≈ 0.15W whih orre-
sponds to Ep > 0.45W . Nagaev adopts the riterion Ep > W , remembering that W is the
half-bandwidth in our notation, while AB [114℄ propose Ep > 2W (8z)
−1/2 = 0.29W with
number of nearest neighbours z taken as 6. AB's ondition is less stringent than Eagle's
[100℄ ondition for `nearly small polarons' Ep > Wz
−1/2 = 0.41W whih is lose to ours.
Both as regards this riterion and the value of Ep for LCMO, the results of the Holstein-DE
model are intermediate between Nagaev's and AB's, as expeted. For LSMO, on the other
hand, our estimate of Ep is 0.2 eV. In this ase we agree with Nagaev and Furukawa [61℄
that eletron-phonon oupling is not so important. AB's work is reviewed in setion 7.
8.2 Isotope and pressure eets
There is an exellent review of oxygen isotope eets in manganites by Zhao et. al. [131℄.
The most striking eets are a derease in TC and an inrease in resistivity ρ, parti-
ularly near TC, when
16O is replaed by 18O. However other important eets are an
indued metal-insulator transition, a shift of the harge-ordering transition and eets on
the thermal-expansion oeient and eletron paramagneti resonane (EPR) measure-
ments. Although Zhao et. al. attempt to understand these eets using the onepts of
small-polarons and bipolarons, they point out learly the diulties in suh a theory. We
believe that most of these diulties an be resolved within the many-body CPA approah
to the Holstein-DE model, whih frees us from the strong oupling regime of standard
small-polaron theory.
The oxygen isotope exponent is dened as α0 = −(∆TC/TC)/(∆M/M), where TC and
M are the Curie temperature and oxygen mass for the 16O sample. α0 ranges from 0.07
with TC = 367 K in La0.67Sr0.33MnO3 to 0.85 in La0.8Ca0.2MnO3+y (TC = 206 K) and up to
4 in (La0.25Nd0.75)0.7Ca0.3MnO3 (TC ≈ 110 K). Zhao et. al. [131℄ point out that all available
data (for x ≈ 0.20.35) an be tted by an equation
α0 = 21.9 exp(−0.016TC) . (8.1)
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Aording to the DE model and small-polaron theory TC ∝ exp(−γ2Ep/ω), whih is the
usual band-narrowing fator (see setion 7) with 0 ≤ γ2 ≤ 1 [89℄. When the mass M
hanges, ω varies as M−1/2 but the polaron binding energy Ep is independent of M sine
it orresponds to a stati response of neighbouring oxygen atoms to an eg eletron on
a Mn site. Hene TC dereases rapidly with inreasing M and it is easy to show that
TC ∝ exp(−2α0) [131℄. Zhao et. al. [131℄ point out that this is inompatible with the
experimental relation (8.1). They go on to make the very important observation that the
eet of pressure on TC, again over a wide range of manganites, is summarized aurately
by the equation
d lnTC/dP = 4.4 exp(−0.016TC) . (8.2)
Combining equations (8.1) and (8.2) one has α0 = 5(d lnTC/dP ). Zhao et. al. dedue
from this simple proportionality between the isotope exponent and the pressure-eet o-
eient that the major eet of pressure is to inrease the phonon frequeny. We ome
to a ompletely dierent onlusion from the following analysis using the many-body CPA
approah to the Holstein-DE model.
In disussing the pressure eet, Green [42℄ observed that the inrease in TC, and de-
rease in ρ, stems mainly from a derease in the eetive oupling onstant g2/(ωW ) =
Ep/W . As pointed out in setion 1 (see gure 3), the eet of pressure is equivalent to an
inrease in 〈rA〉 and broadens the eg band, that is W inreases. Green [42℄ therefore mod-
elled the strong suppression of the resistivity peak and the inrease in Curie temperature
in LCMO by inreasing the bandwidth, and assuming other terms in the Hamiltonian are
onstant. Calulated results are shown in gure 22. A simple estimate, using the known
ompressibility and dependene of W on lattie onstant, shows that the theoretial pres-
sure for a given eet is about four times larger than that required experimentally. This is
the same fator that was found in the ase of the magneti eld required for a given CMR
eet, so both disrepanies ould possibly be removed with the same dependene of g on
ρ, due to sreening, postulated in setion 8.1. We return to this point later. In fat near TC
the CMR eet (gure 20) and the pressure eet (gure 22) are both driven by a hange
of bandwidth. In the rst ase the magneti eld produes a substantial magnetization for
T ≈ TC and this inreases W by the DE eet.
To investigate the isotope eet in our model, assuming only an eet via ω, some are
is needed. It was pointed out that in equation (6.1) the eletron-phonon oupling term
orresponds to a term −g′∑i nixi where xi is to be assoiated with oxygen displaement
around a Mn atom. Here g′ should be independent of the oxygen mass M . In the seond-
quantized form of equation (6.1) one nds g = g′ (2Mω)−1/2 so that the polaron binding
energy Ep = g
2/ω = g′2/ (2Mω2). Sine for an osillator ω ∝ M−1/2 the polaron binding
energy g2/ω is independent of M as expeted. However g varies as M−1/4. We therefore
realulated the resistivity ρ(T ) with the same parameters as used in gure 20 for 16O but
with g and ω saled appropriately for 18O. The results are ompared in gure 23. The
almost omplete absene of an isotope eet in both TC and ρ onrms Green's observation
that ρ(T ) depends almost exlusively on the parameter Ep/W . Sine Ep should not depend
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Figure 22: The eet of pressure on the resistivity and Curie temperature in LCMO by
inreasing the half-bandwidth W to W ′ = 1.05W and 1.1W [42℄.
on M we have to onlude that the isotope eet is due to a derease of bandwidth 2W
when M is inreased.
Thus we make the hypothesis that the isotope eet ours via the eg bandwidth 2W
rather than the phonon energy ω, whose undoubted hange has no eet. We must stress
that 2W is the bare band-struture bandwidth. Clearly a sort of saling theory, linking
CMR, pressure eet and isotope eet, an be onstruted but this will be done elsewhere.
The hange in the ρ(T ) urve is typially quite similar for 18O→16O bak-substitution to
an applied eld of 510 T or a pressure of 510 kbar. Babushkina et. al. [132℄ have
already suggested that a metal-insulator transition indued by oxygen isotope substitution
in (La1−yPry)0.7Ca0.3MnO3 may proeed by a hange of bandwidth. They point out that
the mean-square displaement of an ion from its nominal position depends on the ioni
mass M , even at T = 0, due to zero-point vibrations. Suh displaements ould aet
the MnOMn bond angle on whih the bandwidth ritially depends. Similar eets
were observed earlier in (La0.5Nd0.5)0.67Ca0.33MnO3 [133℄. Babushkina et. al. also see large
shifts of the ρ(T ) urves with applied magneti eld, as one would expet from the above
disussion. Clearly similar ideas an be applied to shifts in harge-ordering transitions due
to isotopi substitution and magneti eld. The isotope eet in the jump of the thermal
expansion oeient at TC is easily understandable sine it is related by thermodynamis
to the pressure eet [131℄.
We now have to address the question of whether replaing
16O by 18O an produe the
required derease of W to aount for the eet on ρ(T ). The hange in ρ(T ) is typially
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Figure 23: The absene of an isotope eet in LCMO due to a simple mass saling(∝M−1/2) of the phonon frequeny.
like that alulated for a 510% derease in W (f. gure 22). If we allow for the fator
of 4 proposed earlier, due to improved sreening of the eletron-phonon oupling as the
system beomes more metalli this is redued to 12%. Aording to Zhao et. al. [134℄ the
volumes of the unit ells of
16O and 18O samples of La0.67Ca0.33MnO3 at room temperature
are the same within the auray of the x-ray determination. Singh and Pikett [23℄
have investigated the hange in band struture of a La2/3Ba1/3MnO3 virtual rystal on
going from a ubi perovskite struture to a Pnma struture onsistent with the neutron
renement of Dai et. al. [128℄ for La0.65Ca0.35MnO3, the two strutures having the same
unit ell volume. Large band-narrowings our owing to bending of the MnOMn bonds;
in partiular a gap of a few tenths of an eV opens between the majority spin eg and t2g
bands. The distortion from the ubi struture has no stati JT omponents, onsisting
essentially of rotations of O otahedra. It is not inoneivable that isotopi substitution
ould modify these rotations suiently to give a 12% redution in the eg bandwidth.
Further theoretial and experimental investigation of this possibility is highly desirable.
Finally we ome bak to the enhanement fator of 4 postulated above. It means that
a 1% inrease in W orresponds to a 4% derease in Ep/W , the large relative hange in
Ep being assumed to arise from inreased sreening with inreased metallization. This is
not unreasonable sine it is known from optial ondutivity measurements, disussed in
setion 8.3.2, that the polaron binding energy Ep dereases from 1.2 eV in Nd0.7Sr0.3MnO3
to about 0.6 eV in LSMO. The hange in eg bandwidth between these two materials is
ertainly muh less than a fator 2 so that in general a muh larger relative hange in
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Ep/W than in W is a reasonable hypothesis.
In summary our piture of the isotope eet due to
16O→18O substitution is as follows.
The hange in phonon frequeny plays no part. The eet is driven by a 12% redution
in the eg bandwidth 2W assoiated with small hanges in the rotations of O otahedra
probably arising from modied vibrational amplitude of the O ions due to their mass
hange. This primary eet is strongly enhaned by an inreased polaron binding energy
Ep arising from redued metalli sreening. The saling parameter Ep/W links CMR,
pressure-eet and the various isotope eets.
We should mention that Nagaev [130, 135℄ has taken a ompletely dierent line on
the isotope eet in whih eletron-phonon oupling has no role. He onsidered several
possibilities, all based on the isotope dependene of the number of exess or deient
oxygen atoms in thermodynami equilibrium. Sine he quoted experimental evidene for
this [136℄ his arguments were quite persuasive. However Zhao et. al. [137℄ have ritiized
the experimental work of Frank et. al. [136℄ and they refute Nagaev's model in whih the
isotope eet is not intrinsi.
8.3 Pseudogaps
Aording to theory we expet pseudogaps at the Fermi level to be observable in the density
of states of LCMO both below and above TC. These should appear in experiments suh as
sanning tunnelling spetrosopy, photoemission and optial ondutivity measurements.
No pseudo-gap is expeted in LSMO below TC and the eet should be muh less than in
LCMO above TC. The pseudogap is a feature of the atomi limit, typied by the envelope
funtion in gure 15 for T = 0 with maxima determined by the polaron binding energy
g2/ω, and is ompletely washed out when g2/(ωW ) < 0.2 (see gure 16). Early results of
sanning tunnelling spetrosopy on LCMO [138℄ with x = 0.3 seem unlikely to relate to
the bulk. In the ferromagneti state at 77 K there is a huge gap of about 1 eV. It is not lear
why the authors interpret this as evidene for half-metalli ferromagnetism. A gap of this
size assoiated with small-polaron formation in the bulk would imply an unrealistially
large eletron-phonon oupling, ertainly inompatible with metalli ondution and a
Curie temperature of reasonable magnitude for LCMO. More reently Biswas et. al. [139℄
reported a sanning tunnelling spetrosopy study of several manganites. The results are
very muh in aord with the theory. There is no gap in the low temperature ferromagneti
state but a small gap (pseudogap) appears for T ≈ TC in the low (high) TC materials. As
T inreases above TC the pseudogap or gap gets lled in as we would expet (see gure 17).
The derease in resistivity with inreasing T is due to the gradual lling of the pseudogap.
8.3.1 Angle-resolved photoemission spetrosopy (ARPES)
In an extremely interesting paper on ARPES for the bilayer manganite La1.2Sr1.8Mn2O7,
nominally with n = 0.6, Dessau et. al. [36℄ interpret their results very muh in the spirit of
the Holstein model. The low TC = 126 K in this bilayer manganite is partly due to quasi-
two dimensional utuations, but the large resistivity ρ ≃ 3 mΩm at low temperatures
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indiates that small-polaron bands might exist even in the ferromagneti state. Conse-
quently the eletron-phonon oupling should be stronger than in ubi manganites like
LCMO and to model the system by the Holstein-DE model Hohenadler and Edwards [43℄
hose g/W = 0.2. The one-eletron spetral funtion Ak(ǫ) is given by equation (4.17) and
the band is taken to be of the form ǫk = −W cosπy for k = π(1, y), 0 ≤ y ≤ 1 with W = 1
eV as usual. This roughly models a band, alulated by Dessau et. al. [36℄, whih rosses
the Fermi level EF at k = π(1,
1
2
). The alulated results [43℄ for Ak are shown in gure 24.
Well away from the Fermi level, a well-dened peak exists whih broadens as k approahes
the Fermi momentum at y = 0.5. For larger y the weight below the Fermi level is strongly
redued. The peaks never approah the Fermi level losely whih is an important feature
of the observed spetra [36℄ reprodued in gure 25. The theoretial urves in gure 24
resemble quite losely the data of gure 25(). There is a pseudogap in the alulated
spetra extending about 0.1 eV on eah side of the Fermi level. In fat this pseudogap
ontains polaron bands like those shown in gure 17. However, their amplitude is too
small to show up in gure 24 and in the experimental data. Nevertheless, it is the entral
polaron band around the Fermi level whih is presumably responsible for the low but nite
ondutivity of the system. This omparison between theory and experiment supports the
onlusion of Dessau et. al. [36℄ that, in the manganites with a layered struture, strong
eletron-phonon oupling (with the appearane of a pseudogap) is already important be-
low TC. This ontrasts with the usual pseudoubi manganites where the pseudogap only
appears above TC. It should be mentioned that Moreo et. al. [140℄ interpret the observed
pseudogap not as an intrinsi property but in terms of phase separation.
8.3.2 Optial ondutivity
Using the notation of setion 4.3 we an write the optial ondutivity σ(ν), orresponding
to the ellipti density of states in equation (4.8), in the form [141, 142, 43℄
σ(ν) =
2πe2
3a3~
∫
dǫ
∫
dEM0(E)AE(ǫ)AE(ǫ+ ν)
f(ǫ)− f(ǫ+ ν)
ν
. (8.3)
This expression satises the orret one-band sum rule [142, 50℄ that (2/π)
∫∞
0
σ(ν)dν =
−Ke2/(3a~), where the `kineti energy' K is the thermal average per lattie site of the
rst term in the Hamiltonian (6.1). The energy K appeared previously in equation (3.11)
for the spin-wave stiness onstant. For ν = 0, equation (8.3) yields the d ondutivity
given by equation (4.19). In the ferromagneti state of the pure DE model (g/W = 0) at
T = 0 the spetral funtion AE(ǫ) = δ(ǫ − E) so that, from equation (8.3), σ(ν) ∝ δ(ν).
However, in LSMO with x = 0.3 the observed intraband transitions spread up to 1 eV [143℄
whih suggests that phonons are important for produing broadened spetral funtions. A
sharp Drude peak below 0.04 eV, arising from δ-like parts of AE(ǫ) for E near the Fermi
level, aounts only for half of the total intraband spetral weight [143℄. An alternative
interpretation is that orbital degrees of freedom in the doubly-degenerate eg band, ombined
with strong orrelation (no doubly-oupied sites), lead to inoherent motion of arriers
[144, 145℄. Here we pursue the omparison of results of the many-body CPA treatment of
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Figure 24: The spetral funtion Ak(ǫ) in the ferromagneti state at T = 0 for the Holstein-
DE model with J = S = ∞, n = 0.5 and strong eletron-phonon oupling g/W = 0.20,
and k = π(1, y) [43℄.
Figure 25: ARPES spetra of La1.2Sr1.8Mn2O7 (TC = 126K) in the ferromagneti state at
T = 10K, reprodued from Dessau et. al. [36℄.
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the Holstein-DE model with experiment. A defet of Green's [42℄ CPA treatment is that the
sharp quasi-partile peak in the spetral funtion, whih should exist in the ferromagneti
state at T = 0, is missing. This is due to inoherent sattering by the phonons whih gives
a spurious residual resistivity. Thus the Drude peak in σ(ν) is absent, as in the lassial
phonon treatment of Millis et. al. [88℄. Also in the one-band model with J =∞ interband
transitions between Hund's rule split bands, and p→d harge transfer transitions do not
feature. These are observed at photon energy ν > 3 eV and σ(ν) alulated in the one-band
model is only non-zero in the region ν < 2.5 eV with in general only one peak. Hohenadler
and Edwards [43℄ alulated σ(ν) in the Holstein-DEmodel with g/W = 0.16 and ompared
with experimental data on an unannealed lm of Nd0.7Sr0.3MnO3 (NSMO) [146℄. The
omparison is shown in gure 26. This data was hosen beause the low temperature
inoherent sattering in the sample mathes losely the inoherent sattering introdued by
CPA. In annealed NSMO lms [50℄, and in single rystals [147℄, σ(ν) in the low temperature
ferromagneti state ontinues to rise with dereasing ν down to muh lower photon energy,
and σ(0) ≈ 3 (mΩm)−1 . Clearly in our alulation, and those of Millis et. al. [88℄,
the shift of the peak to lower energy is held up due to spurious inoherent sattering in
the ground state, whih limits the low-temperature d ondutivity. There seems little
doubt that a more orret treatment of the Holstein-DE model at low temperatures would
lead to something more like the shift observed in good samples. Very reently Perroni
et. al. [124℄ seem to have ahieved this together with a Drude peak at low temperatures in
their variational Lang-Firsov treatment. It is to be hoped that these features survive even if
their predited phase separation is suppressed by Coulomb interation. In any ase one does
not need to invoke a hange from unbinding bipolarons to unbinding polarons to explain
the shift, as is done by Alexandrov and Bratkovsky [114℄. It is also not lear why in the
bipolaron regime these authors nd a Gaussian form for σ(ν) without a threshold photon
energy. In the bipolaron regime there should be a gap in the single-partile spetrum,
analogous to that in a superondutor, but with magnitude of the order of the bipolaron
binding energy. There is no suh gap in the metalli `unpaired' single polaron regime.
In the paramagneti state above TC, σ(ν) is muh less sample dependent and the
CPA alulations are muh more reliable. Many authors [88, 50, 146, 43℄ agree on the
following interpretation of the peak at about 1 eV. During the absorption proess an
eletron moves from one site to a neighbouring one whih was previously unoupied.
The eletron motion is aompanied by a lattie distortion, of Jahn-Teller type, whih
orresponds to a displaement of the loal phonon osillator oordinate in the Holstein-DE
model. When an eletron enters (leaves) a site the nal displaed (undisplaed) osillator
is generally in an exited state with typial exitation energy g2/ω. This is the atomi-
limit polaron binding energy and for the parameters assumed here is about 0.5 eV. Thus
the peak in σ(ν) (gure 26(a)) ours at about twie the polaron binding energy just as
in the standard small-polaron theory [99℄. However for the present intermediate eletron-
phonon oupling g/W = 0.16 polaron bands near the Fermi level are largely washed out
above TC [42℄, so standard small-polaron theory is not expeted to apply to σ(ν) for low
photon energies. This is ertainly the ase beause small-polaron theory would predit an
ativation energy in the d ondutivity σ(0) of 0.25 eV, half the polaron binding energy.
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Figure 26: (a) Calulated optial ondutivity for strong eletron-phonon oupling g/W =
0.16 in the ferromagneti state at T = 0 (full line), the paramagneti state at T = TC
(dotted line) and the paramagneti state at T = 1.5TC (dashed line). The plot is for
J = S = ∞, n = 0.5 and a = 5 Å [43℄. (b) optial ondutivity of Nd0.7Sr0.3MnO3 at
dierent temperatures, reprodued from Kaplan et. al. [146℄.
However in NSMO the ativation energy is observed to be about 0.08 eV [113℄ and Green's
[42℄ alulations (see gure 20) are in good agreement with this.
We onlude that the energy of the peak in σ(ν) for T > TC is a reliable measure of
twie the polaron binding energy, but that the ativation energy for d ondutivity gives
no suh diret information. The most extreme illustration of this is LSMO with x = 0.3.
There is no ativation energy for σ(0) = ρ−1 whih slowly dereases with temperature
above TC (see gure 4). But the temperature-dependent part of σ(ν) has a lear peak at
about 0.6 eV for T > TC [143℄. This indiates a polaron binding energy of 0.3 eV, whih
orresponds to g/W ≈ 0.12 for the other parameters assumed in this setion. The estimate
of g/W ≃ 0.1 we have sometimes suggested for this material is probably too low. However
the dierene between g/W = 0.16 for LCMO and NSMO and g/W = 0.12 for LSMO, all
with x = 0.3, is suient to explain their very dierent behaviour.
8.4 Spin waves
In setion 3.2 we pointed out that the simple result of equation (3.11) for the spin-wave
stiness onstant D applies even when loal eletron-phonon oupling is inluded. In
partiular it applies to the Holstein-DE model and a simple variational argument shows
that is is an upper bound to the true value of D [43℄. The omplete spin-wave dispersion
urve takes the form of that for a simple nearest-neighbour Heisenberg model [84, 43℄, as
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Figure 27: The spin-wave stiness D versus eletron-phonon oupling g in the saturated
ferromagneti state at T = 0. The plot is for S = J = ∞, W = 1 eV, n = 0.5 and a = 4
Å [43℄.
observed in La0.7Pb0.3MnO3 [148℄. Deviations from this simple result are found near the
zone boundary in manganites with lower TC than the Pb doped material [149, 150, 151℄.
Hohenadler and Edwards [43℄ alulated D as a funtion of the eletron-phonon oupling
g/W and the result is shown in gure 27. This behaviour of D in the Holstein-DE model is
very similar to that of TC, as alulated by Green [42℄ (see gure 18). The main dierene is
in the extreme strong-oupling limit where TC beomes very small at g/W ≈ 0.35 whereas
D is dereasing quite slowly. The slow derease of D is exatly what one expets from
equation (3.11) and small-polaron theory, where the kineti energy K ∼ g−2 [152, 153℄. TC
seems to be determined more by the width of the narrow polaron band around the Fermi
level, whih dereases exponentially with g. This is the result found by Röder et. al. [89℄
whih is essentially TC ∝ D(g = 0) exp(−γEp/ω), in the notation of setion 7. Here
D(g = 0) is given by equation (3.11) for the pure DE model. For manganites with higher
TC, where the spin-wave dispersion urve is Heisenberg-like, one expets that the ratio
δ = D/(kBTCa
2), where a is the lattie onstant, should be approximately 0.286 whih
is the value for the S = 3/2 Heisenberg model. In fat Hohenadler and Edwards [43℄
nd, ombining their results with those of Green for TC (see gure 18), that δ ≈ 0.24 for
g/W = 0.1 whih is appropriate to a high TC manganite like LSMO (x ≈ 0.3). Clearly, from
gures 18 and 27, δ inreases as g/W beomes larger, that is as TC beomes smaller. This
agrees with experiment; for example in Nd0.7Sr0.3MnO3 (TC = 197.9 K), δ ≈ 0.64 [149℄.
In this system, and in LCMO [154℄, the spin-wave stiness onstant does not ollapse
to zero at T = TC so the behaviour is ertainly not Heisenberg-like. The properties of
the Holstein-DE model in this parameter regime need further investigation. The phase
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separation for T > 0.65TC predited by Perroni et. al. [124℄ should be examined in the
presene of Coulomb interation.
9 Conlusions
A brief review inevitably involves a personal hoie of topi and emphasis, Here we have
onentrated on the physis of manganites suh as La1−xCaxMnO3 in the ferromagneti
regime with x ∼ 0.20.4. We have not disussed interesting phenomena suh as harge
and orbital ordering whih our elsewhere in the phase diagram.
The main onlusion is that the Holstein-DE model is apable of desribing semi-
quantitatively a wide range of experimental data on these materials. The model ombines
Zener's double exhange mehanism for ferromagnetism with the possibility of polaroni
eets assoiated with strong eletron-phonon oupling. These are the essential ingredients
proposed by Millis et. al. [87, 88℄. The double-exhange mehanism relies on the mobile
arriers in doped systems being Mn eg eletrons rather than O p holes. The theoretial and
experimental evidene that this is indeed the ase is reviewed in setion 2. In setion 3 the
onept of double exhange is set within the general sheme of itinerant eletron magnetism.
One ingredient omitted in the Holstein-DE model is A-site disorder and the disussion of
setion 5.1 shows that this omission is not serious for systems with x ∼ 0.3.
The most omplete theory of the Holstein-DE model, apable of dealing with quantum
spins and phonons, is that of Green [42℄; it is developed in a onise way in setion 6. The
theory makes use of the many-body CPA method introdued earlier [74, 75℄ for treating
the pure double-exhange model, as desribed in setion 4. For the pure DE model this
method is equivalent to Furukawa's dynamial mean-eld theory in his limit of lassial
spins. Theoretial results for the Holstein-DE model are ompared with experiment in
setion 8. One striking onlusion is that the manganites fall in the regime of intermediate
eletron-phonon oupling, just on the verge of small-polaron formation. Thus in general the
standard results of small-polaron theory do not apply. However even in the intermediate-
oupling regime the atomi-limit polaron binding energy Ep is still a signiant parameter
and a peak in the optial ondutivity σ(ν) ours at photon energy 2Ep, just as in standard
small-polaron theory. But the ativation energy for eletrial ondution above TC turns
out to be muh smaller than that predited by small-polaron theory, in agreement with
experiment. The key parameter in the theory is Ep/W , the ratio of the polaron binding
energy to the half-width of the eg band. This determines the Curie temperature TC and
the form of the resistivity ρ(T ); there is essentially no expliit dependene on the phonon
frequeny ω in the intermediate-oupling regime. Thus the oxygen isotope eet in TC and
ρ(T ) is not a onsequene of the hange in ω assoiated with a hange of isotopi mass.
The observed proportionality between the isotope exponent and the pressure-oeient
indiates that the shift of TC arises from a hange of Ep/W in both ases. The primary
eet may be regarded as a hange in W due to a hange in MnOMn bond angle,
and this eet is strongly enhaned by a hange in Ep due to modied sreening of the
eletron-phonon oupling arising from a hanged density of states at the Fermi level. It
60
is proposed, following Babushkina et. al. [132℄, that a hange in MnOMn bond angle
arising from isotopi substitution is due to a modied vibrational amplitude of the O
ions owing to the mass hange. This proposal, and that onerning the sreening of the
eletron-phonon oupling, requires further theoretial and experimental investigation. The
large isotope eet, pressure eet, olossal magnetoresistane and the striking dierene
between La0.7Sr0.3MnO3 and La0.7Ca0.3MnO3 are all due to extreme sensitivity to the
parameter Ep/W in the intermediate oupling regime (Ep/W ∼ 0.5).
Another point whih requires investigation is the nature of the ferromagneti transition
at TC. It is found, both theoretially and experimentally, that in manganites with low TC
the ratio of spin-wave stiness onstant D to TC is muh larger than the Heisenberg-like
value ourring in those with high TC. Experimentally, in the low TC systems, D does
not ollapse to zero at TC. Nanosale phase separation near and above TC is a possible
explanation [154℄ and further theoretial work along these lines is required.
The physis of the manganites involves a subtle interplay between magnetism and
eletron-phonon oupling. The same might be said, with less ertainty, of high temperature
superondutivity in the uprates. It seems lear from this review that a rm theoretial
understanding of the manganites is within reah. Methods of handling eletron-phonon
oupling in the intermediate oupling regime have been developed. An intriguing prospet
is that this experiene gained with the manganites may lead to important advanes in our
understanding of the uprates.
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